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Abstract
We describe a new approach to estimating relative
risks in time-to-event prediction problems with
censored data in a fully parametric manner. Our
approach does not require making strong assump-
tions of constant baseline hazard of the underly-
ing survival distribution, as required by the Cox-
proportional hazard model. By jointly learning
deep nonlinear representations of the input covari-
ates, we demonstrate the benefits of our approach
when used to estimate survival risks through ex-
tensive experimentation on multiple real world
datasets with different levels of censoring. We
further demonstrate advantages of our model in
the competing risks scenario. To the best of our
knowledge, this is the first work involving fully
parametric estimation of survival times with com-
peting risks in the presence of censoring.
1. Introduction
Survival regression is a field of statistics and machine learn-
ing that deals with the estimation of a survival function
representing the probability of an event of interest, typi-
cally a failure, to occur beyond a certain time in the future.
Survival regression models time-to-event by estimating the
survival function, S(·|X) , P(T > t|X), conditional onX ,
the input covariates. Examples include estimating the sur-
vival times of patients after certain treatment using clinical
variables, or predicting the failure times of machines using
their usage histories, etc. Survival regression differs from
standard regression due to censoring of data, i.e. observation
of some subjects stops before occurrence of an event of in-
terest. In practical settings there might be multiple different
events that may lead to failure, and this generalized setting
is known as the competing risks scenario.
Classical statistical learning techniques for survival regres-
sion rely on non-parametric or semi-parametric methods
for survival function estimation, primarily because they
make working with censored data relatively straightforward.
However, non-parametric methods may suffer from curse
of dimensionality, and semi-parametric approaches usually
depend on strong modelling assumptions. In particular, the
prevailing assumption of constant proportional hazard over
lifetime as proposed by Cox (1972) in the Proportional Haz-
ards model, is very likely to be unrealistic in many practical
scenarios encountered in healthcare, predictive maintenance,
econometrics, or operations research. This and similar as-
sumptions have recently attracted much controversy.
In this paper, we propose Deep Survival Machines, a novel
approach to estimate time-to-event in the presence of cen-
soring. By leveraging a Hierarchical Graphical model pa-
rameterized by Neural Networks, we learn distributional
representations of the input covariates and mitigate existing
challenges in survival regression.
Our main contributions can be summarized as follows:
1. Our approach estimates the conditional survival func-
tion S(·|X) as a mixture of individual parametric sur-
vival distributions.
2. We do not make strong assumptions of proportional
hazards and enable learning with time-varying risks.
3. Finally, our approach allows for learning of rich, dis-
tributed representations of the input covariates, helping
knowledge transfer across multiple competing risks.
Through extensive experimentation on multiple datasets,
we demonstrate the superiority of our approach in both the
single event and competing risks scenarios as compared to
classic survival analysis techniques as well as more modern
competitive baselines.
2. Related Work
The Cox proportional hazards regression model (CPH) is a
popular choice for survival regression. In the Cox model,
the estimator of the survival function conditional on X ,
S(·|X) , P(T > t|X), is assumed to have constant pro-
portional hazard. Thus, the relative proportional hazard
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between individuals is constant across time. Another way of
stating this assumption is that if an individual is at a higher
risk of death at a certain time as compared to another indi-
vidual, then the relative risk associated with the individual
would be higher at anytime of the lifetime of that individ-
ual.This is a very strong assumption which may not hold in
many practical scenarios when the risks are time-varying.
Significant amount of recent research has been involved in
improving Cox model. Researchers have tried to incorporate
structural sparsity, regularization, and active and multitask
learning when available data is scarce (Vinzamuri et al.,
2014; Vinzamuri & Reddy, 2013; Li et al., 2016). Other
efforts have involved incorporating non-linear interactions
between the covariates in the original Cox model. Rosen &
Tanner (1999) proposed using a mixture of linear experts
for the original Cox model. Nagpal et al. (2019) recently
improved this approach with a variational inference based
objective and demonstrate state-of-the-art results. Other
approaches for incorporating non-linearities have involved
replacing the linear interaction terms in the Cox model with
deep neural networks, as was explored first in Faraggi &
Simon (1995), followed by Xiang et al. (2000) and again re-
cently by Katzman et al. (2018) with the DeepSurv approach.
Extensions to this work have involved convolutional neural
networks, and active learning for healthcare application in
oncology (Mobadersany et al., 2018; Nezhad et al., 2019).
However, these approaches are still subject to the same
strong assumption of proportional hazards as the original
Cox model.
More recently, Lee et al. (2018; 2019a) has proposed a deep
learning approach, DeepHit, to model the survival outcomes
in the competing risks scenario. Their approach is similar
to our approach in that they also aim to learn a fully para-
metric model, however their architecture only allows for
the prediction of failure times over a discrete set of fixed
size. This has a major drawback that for problems with
long survival horizons, accurate prediction of actual failure
times would require the discrete output space to be of large
size, resulting in an extremely large number of parameters
to be learnt, making parameter inference intractable. An-
other drawback of this approach is that its performance is
sensitive to events at shorter horizons and does not model
long term event horizons well. In order to mitigate this, (Lee
et al., 2019b) has proposed to use black box optimization to
adaptively select the best model from a large ensemble for a
given event horizon. In this paper we explicitly demonstrate
robust performance of our model at different quantiles of
event times with varying amounts of censoring.
Recent research also includes Deep Survival Analysis pro-
posed by Ranganath et al. (2016), which models survival
problems with deep exponential families and aligns all ob-
servations by their failure time; Chapfuwa et al. (2018)
proposed to use adversarial training methods by adapting
a conditional GAN (Mirza & Osindero, 2014) to survival
regression problems. However, these approaches do not
consider competing risks scenarios.
In addition to these approaches, non-parametric methods
have also been popular for survival estimation. These meth-
ods include improvements over the Kaplan-Meier (KM)
estimator Kaplan & Meier (1958) by fitting a KM Estimator
in a small neighbourhood around an individual observation
to accommodate conditioning. Chen (2019) recently pre-
sented non-asymptotic error bounds with strong consistency
results for these methods, and found that the use of forest
ensembles for building conditional estimators of the survival
function (Ishwaran et al., 2008) is an appropriate choice of
kernel for such methods. Yet more recent approaches have
involved Gaussian Processes (Alaa & van der Schaar, 2017)
with a similar intuition in the competing risks scenario.
Existing literature on survival regression can thus be di-
vided into two groups, 1) Semi-parametric approaches in-
volving fitting proportional hazards (Coxian Models) 2)
Non-parametric models requiring some notion of similarity
or kernel between individuals. To the best of our knowledge,
the proposed approach is the first fully-parametric method
for survival regression in the presence of competing risks.
3. Approach: ‘Deep Survival Machines’
In this section we describe our approach, Deep Survival
Machines (DSM) architecture and inference in further detail.
Fig. 1 is a visual representation of our approach while Fig.
2 describes the model in plate notation.
3.1. Survival Data
We assume that the survival data we have access to is right-
censored. This implies that our data, D is a set of tuples
{(xi, ti, δi)}Ni=1. Where typically, xi ∈ Rd are features
associated with an individual i, ti is the time at which an
event of interest took place, or the censoring time and δi is an
indicator that signifies whether ti is event time or censoring
time. For a given individual, we only either observe the
actual failure or censoring time but not both. For simplicity
it is assumed that the true data generating process is such
that the censoring process is independent of the actual time
to failure. We denote the uncensored subset (δ = 1) of data
as DU and the censored (δ = 0) subset as DC .
3.2. Primitive Distributions
We choose to model the conditional distribution P(T |X =
x) as a mixture over K well-defined, parametric distribu-
tions which we call as PRIMITIVE distributions for the re-
mainder of this paper. Given that we are modelling survival
times, a natural assumption for these PRIMITIVE distribu-
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<latexit sha1_base64="/ipQQa4DROWKrNuU2A6GVMvo9KA=">AAACRHicbVDLSgMxFM3UVx1fVZdugqVQN2WmCLosuHElFewDOqVkMrdtaCYzJJliGf pxbvwAd36BGxeKuBXTB6W2Hgice+493Jvjx5wp7TivVmZjc2t7J7tr7+0fHB7ljk/qKkokhRqNeCSbPlHAmYCaZppDM5ZAQp9Dwx/cTPqNIUjFIvGgRzG0Q9ITrMso0Ubq5Fpetc+KHg0ifWEXPB96TKR+SLRkj2MjEB73ScfF2PMWVXlWDI1HLesDw0AEC3snl3dKzhR4nbhzkkdzVDu5Fy+IaBKC0JQTpVquE+t2Sq RmlMPY9hIFMaED0oOWoYKEoNrpNIQxLhglwN1Imic0nqrLjpSESo1C30ya+/pqtTcR/+u1Et29bqdMxIkGQWeLugnHOsKTRHHAJFDNR4YQKpm5FdM+kYRqk7ttQnBXv7xO6uWS65Tc+8t85W4eRxadoXNURC66QhV0i6qohih6Qm/oA31az9a79WV9z0Yz1txziv7A+vkFMu2vSg==</latexit><latexit sha1_base64="/ipQQa4DROWKrNuU2A6GVMvo9KA=">AAACRHicbVDLSgMxFM3UVx1fVZdugqVQN2WmCLosuHElFewDOqVkMrdtaCYzJJliGf pxbvwAd36BGxeKuBXTB6W2Hgice+493Jvjx5wp7TivVmZjc2t7J7tr7+0fHB7ljk/qKkokhRqNeCSbPlHAmYCaZppDM5ZAQp9Dwx/cTPqNIUjFIvGgRzG0Q9ITrMso0Ubq5Fpetc+KHg0ifWEXPB96TKR+SLRkj2MjEB73ScfF2PMWVXlWDI1HLesDw0AEC3snl3dKzhR4nbhzkkdzVDu5Fy+IaBKC0JQTpVquE+t2Sq RmlMPY9hIFMaED0oOWoYKEoNrpNIQxLhglwN1Imic0nqrLjpSESo1C30ya+/pqtTcR/+u1Et29bqdMxIkGQWeLugnHOsKTRHHAJFDNR4YQKpm5FdM+kYRqk7ttQnBXv7xO6uWS65Tc+8t85W4eRxadoXNURC66QhV0i6qohih6Qm/oA31az9a79WV9z0Yz1txziv7A+vkFMu2vSg==</latexit><latexit sha1_base64="/ipQQa4DROWKrNuU2A6GVMvo9KA=">AAACRHicbVDLSgMxFM3UVx1fVZdugqVQN2WmCLosuHElFewDOqVkMrdtaCYzJJliGf pxbvwAd36BGxeKuBXTB6W2Hgice+493Jvjx5wp7TivVmZjc2t7J7tr7+0fHB7ljk/qKkokhRqNeCSbPlHAmYCaZppDM5ZAQp9Dwx/cTPqNIUjFIvGgRzG0Q9ITrMso0Ubq5Fpetc+KHg0ifWEXPB96TKR+SLRkj2MjEB73ScfF2PMWVXlWDI1HLesDw0AEC3snl3dKzhR4nbhzkkdzVDu5Fy+IaBKC0JQTpVquE+t2Sq RmlMPY9hIFMaED0oOWoYKEoNrpNIQxLhglwN1Imic0nqrLjpSESo1C30ya+/pqtTcR/+u1Et29bqdMxIkGQWeLugnHOsKTRHHAJFDNR4YQKpm5FdM+kYRqk7ttQnBXv7xO6uWS65Tc+8t85W4eRxadoXNURC66QhV0i6qohih6Qm/oA31az9a79WV9z0Yz1txziv7A+vkFMu2vSg==</latexit><latexit sha1_base64="/ipQQa4DROWKrNuU2A6GVMvo9KA=">AAACRHicbVDLSgMxFM3UVx1fVZdugqVQN2WmCLosuHElFewDOqVkMrdtaCYzJJliGf pxbvwAd36BGxeKuBXTB6W2Hgice+493Jvjx5wp7TivVmZjc2t7J7tr7+0fHB7ljk/qKkokhRqNeCSbPlHAmYCaZppDM5ZAQp9Dwx/cTPqNIUjFIvGgRzG0Q9ITrMso0Ubq5Fpetc+KHg0ifWEXPB96TKR+SLRkj2MjEB73ScfF2PMWVXlWDI1HLesDw0AEC3snl3dKzhR4nbhzkkdzVDu5Fy+IaBKC0JQTpVquE+t2Sq RmlMPY9hIFMaED0oOWoYKEoNrpNIQxLhglwN1Imic0nqrLjpSESo1C30ya+/pqtTcR/+u1Et29bqdMxIkGQWeLugnHOsKTRHHAJFDNR4YQKpm5FdM+kYRqk7ttQnBXv7xO6uWS65Tc+8t85W4eRxadoXNURC66QhV0i6qohih6Qm/oA31az9a79WV9z0Yz1txziv7A+vkFMu2vSg==</latexit>
[⇣]
<latexit sha1_base64="ENDm++RDX1SCUlwSpQC+qJTsZVE=">AAACAnicbVC7Sg NBFJ2NrxhfUUubwSBYhV0RtAzYWEkE84DdJcxO7iZDZmaXmVkhLun8Blut7cTWH7H0T5wkW5jEAxcO59zLuZwo5Uwb1/12SmvrG5tb5e3Kzu7e/kH18Kitk0xRaNGEJ6obEQ 2cSWgZZjh0UwVERBw60ehm6nceQWmWyAczTiEUZCBZzCgxVgr8IBJ58ASGTMJetebW3RnwKvEKUkMFmr3qT9BPaCZAGsqJ1r7npibMiTKMcphUgkxDSuiIDMC3VBIBOsxnP0 /wmVX6OE6UHWnwTP17kROh9VhEdlMQM9TL3lT8z/MzE1+HOZNpZkDSeVCccWwSPC0A95kCavjYEkIVs79iOiSKUGNrWkiJxMR24i03sEraF3XPrXv3l7XGXdFOGZ2gU3SOPH SFGugWNVELUZSiF/SK3pxn5935cD7nqyWnuDlGC3C+fgFBxZh/</latexit><latexit sha1_base64="ENDm++RDX1SCUlwSpQC+qJTsZVE=">AAACAnicbVC7Sg NBFJ2NrxhfUUubwSBYhV0RtAzYWEkE84DdJcxO7iZDZmaXmVkhLun8Blut7cTWH7H0T5wkW5jEAxcO59zLuZwo5Uwb1/12SmvrG5tb5e3Kzu7e/kH18Kitk0xRaNGEJ6obEQ 2cSWgZZjh0UwVERBw60ehm6nceQWmWyAczTiEUZCBZzCgxVgr8IBJ58ASGTMJetebW3RnwKvEKUkMFmr3qT9BPaCZAGsqJ1r7npibMiTKMcphUgkxDSuiIDMC3VBIBOsxnP0 /wmVX6OE6UHWnwTP17kROh9VhEdlMQM9TL3lT8z/MzE1+HOZNpZkDSeVCccWwSPC0A95kCavjYEkIVs79iOiSKUGNrWkiJxMR24i03sEraF3XPrXv3l7XGXdFOGZ2gU3SOPH SFGugWNVELUZSiF/SK3pxn5935cD7nqyWnuDlGC3C+fgFBxZh/</latexit><latexit sha1_base64="ENDm++RDX1SCUlwSpQC+qJTsZVE=">AAACAnicbVC7Sg NBFJ2NrxhfUUubwSBYhV0RtAzYWEkE84DdJcxO7iZDZmaXmVkhLun8Blut7cTWH7H0T5wkW5jEAxcO59zLuZwo5Uwb1/12SmvrG5tb5e3Kzu7e/kH18Kitk0xRaNGEJ6obEQ 2cSWgZZjh0UwVERBw60ehm6nceQWmWyAczTiEUZCBZzCgxVgr8IBJ58ASGTMJetebW3RnwKvEKUkMFmr3qT9BPaCZAGsqJ1r7npibMiTKMcphUgkxDSuiIDMC3VBIBOsxnP0 /wmVX6OE6UHWnwTP17kROh9VhEdlMQM9TL3lT8z/MzE1+HOZNpZkDSeVCccWwSPC0A95kCavjYEkIVs79iOiSKUGNrWkiJxMR24i03sEraF3XPrXv3l7XGXdFOGZ2gU3SOPH SFGugWNVELUZSiF/SK3pxn5935cD7nqyWnuDlGC3C+fgFBxZh/</latexit><latexit sha1_base64="ENDm++RDX1SCUlwSpQC+qJTsZVE=">AAACAnicbVC7Sg NBFJ2NrxhfUUubwSBYhV0RtAzYWEkE84DdJcxO7iZDZmaXmVkhLun8Blut7cTWH7H0T5wkW5jEAxcO59zLuZwo5Uwb1/12SmvrG5tb5e3Kzu7e/kH18Kitk0xRaNGEJ6obEQ 2cSWgZZjh0UwVERBw60ehm6nceQWmWyAczTiEUZCBZzCgxVgr8IBJ58ASGTMJetebW3RnwKvEKUkMFmr3qT9BPaCZAGsqJ1r7npibMiTKMcphUgkxDSuiIDMC3VBIBOsxnP0 /wmVX6OE6UHWnwTP17kROh9VhEdlMQM9TL3lT8z/MzE1+HOZNpZkDSeVCccWwSPC0A95kCavjYEkIVs79iOiSKUGNrWkiJxMR24i03sEraF3XPrXv3l7XGXdFOGZ2gU3SOPH SFGugWNVELUZSiF/SK3pxn5935cD7nqyWnuDlGC3C+fgFBxZh/</latexit>
[⇠]
<latexit sha1_base64="H1BZqT806i3E9hkKpF15/sP2X4E=">AAACAHicbVA9Sw NBEJ3zM8avqKXNYhCswp0IWgZsrCSC+cDcEfY2e8mS3b1jd08MxzX+Blut7cTWf2LpP3GTXGESHww83pthZl6YcKaN6347K6tr6xubpa3y9s7u3n7l4LCl41QR2iQxj1UnxJ pyJmnTMMNpJ1EUi5DTdji6nvjtR6o0i+W9GSc0EHggWcQINlZ66PqhyPwnlge9StWtuVOgZeIVpAoFGr3Kj9+PSSqoNIRjrbuem5ggw8owwmle9lNNE0xGeEC7lkosqA6y6c U5OrVKH0WxsiUNmqp/JzIstB6L0HYKbIZ60ZuI/3nd1ERXQcZkkhoqyWxRlHJkYjR5H/WZosTwsSWYKGZvRWSIFSbGhjS3JRS5zcRbTGCZtM5rnlvz7i6q9dsinRIcwwmcgQ eXUIcbaEATCEh4gVd4c56dd+fD+Zy1rjjFzBHMwfn6BaLel5g=</latexit><latexit sha1_base64="H1BZqT806i3E9hkKpF15/sP2X4E=">AAACAHicbVA9Sw NBEJ3zM8avqKXNYhCswp0IWgZsrCSC+cDcEfY2e8mS3b1jd08MxzX+Blut7cTWf2LpP3GTXGESHww83pthZl6YcKaN6347K6tr6xubpa3y9s7u3n7l4LCl41QR2iQxj1UnxJ pyJmnTMMNpJ1EUi5DTdji6nvjtR6o0i+W9GSc0EHggWcQINlZ66PqhyPwnlge9StWtuVOgZeIVpAoFGr3Kj9+PSSqoNIRjrbuem5ggw8owwmle9lNNE0xGeEC7lkosqA6y6c U5OrVKH0WxsiUNmqp/JzIstB6L0HYKbIZ60ZuI/3nd1ERXQcZkkhoqyWxRlHJkYjR5H/WZosTwsSWYKGZvRWSIFSbGhjS3JRS5zcRbTGCZtM5rnlvz7i6q9dsinRIcwwmcgQ eXUIcbaEATCEh4gVd4c56dd+fD+Zy1rjjFzBHMwfn6BaLel5g=</latexit><latexit sha1_base64="H1BZqT806i3E9hkKpF15/sP2X4E=">AAACAHicbVA9Sw NBEJ3zM8avqKXNYhCswp0IWgZsrCSC+cDcEfY2e8mS3b1jd08MxzX+Blut7cTWf2LpP3GTXGESHww83pthZl6YcKaN6347K6tr6xubpa3y9s7u3n7l4LCl41QR2iQxj1UnxJ pyJmnTMMNpJ1EUi5DTdji6nvjtR6o0i+W9GSc0EHggWcQINlZ66PqhyPwnlge9StWtuVOgZeIVpAoFGr3Kj9+PSSqoNIRjrbuem5ggw8owwmle9lNNE0xGeEC7lkosqA6y6c U5OrVKH0WxsiUNmqp/JzIstB6L0HYKbIZ60ZuI/3nd1ERXQcZkkhoqyWxRlHJkYjR5H/WZosTwsSWYKGZvRWSIFSbGhjS3JRS5zcRbTGCZtM5rnlvz7i6q9dsinRIcwwmcgQ eXUIcbaEATCEh4gVd4c56dd+fD+Zy1rjjFzBHMwfn6BaLel5g=</latexit><latexit sha1_base64="H1BZqT806i3E9hkKpF15/sP2X4E=">AAACAHicbVA9Sw NBEJ3zM8avqKXNYhCswp0IWgZsrCSC+cDcEfY2e8mS3b1jd08MxzX+Blut7cTWf2LpP3GTXGESHww83pthZl6YcKaN6347K6tr6xubpa3y9s7u3n7l4LCl41QR2iQxj1UnxJ pyJmnTMMNpJ1EUi5DTdji6nvjtR6o0i+W9GSc0EHggWcQINlZ66PqhyPwnlge9StWtuVOgZeIVpAoFGr3Kj9+PSSqoNIRjrbuem5ggw8owwmle9lNNE0xGeEC7lkosqA6y6c U5OrVKH0WxsiUNmqp/JzIstB6L0HYKbIZ60ZuI/3nd1ERXQcZkkhoqyWxRlHJkYjR5H/WZosTwsSWYKGZvRWSIFSbGhjS3JRS5zcRbTGCZtM5rnlvz7i6q9dsinRIcwwmcgQ eXUIcbaEATCEh4gVd4c56dd+fD+Zy1rjjFzBHMwfn6BaLel5g=</latexit>
+
<latexit sha1_base64="HaKxPdGwWfU3KYTtNJBQDHB+8Ak=">AAAB/HicbVBNSwMxEJ2tX7V+VT16CRZBEMquFPRY8OJJKtgPaJeSTbNtbJJdkqxQlvobvOrZm3j1v3j0 n5ht92BbHww83pthZl4Qc6aN6347hbX1jc2t4nZpZ3dv/6B8eNTSUaIIbZKIR6oTYE05k7RpmOG0EyuKRcBpOxjfZH77iSrNIvlgJjH1BR5KFjKCjZVavUCkF9N+ueJW3RnQKvFyUoEcjX75pzeISCKoNIRjrbueGxs/xcowwum01Es0jTEZ4yHtWiqxoNpPZ9dO0ZlVBiiMlC1p0Ez9O5FiofVEBLZTYDPSy14m/ud1ExNe+ymTcWKoJPNFYcKRiVD2Ohow RYnhE0swUczeisgIK0yMDWhhSyCyTLzlBFZJ67LquVXvvlap3+XpFOEETuEcPLiCOtxCA5pA4BFe4BXenGfn3flwPuetBSefOYYFOF+/MZKVpg==</latexit><latexit sha1_base64="HaKxPdGwWfU3KYTtNJBQDHB+8Ak=">AAAB/HicbVBNSwMxEJ2tX7V+VT16CRZBEMquFPRY8OJJKtgPaJeSTbNtbJJdkqxQlvobvOrZm3j1v3j0 n5ht92BbHww83pthZl4Qc6aN6347hbX1jc2t4nZpZ3dv/6B8eNTSUaIIbZKIR6oTYE05k7RpmOG0EyuKRcBpOxjfZH77iSrNIvlgJjH1BR5KFjKCjZVavUCkF9N+ueJW3RnQKvFyUoEcjX75pzeISCKoNIRjrbueGxs/xcowwum01Es0jTEZ4yHtWiqxoNpPZ9dO0ZlVBiiMlC1p0Ez9O5FiofVEBLZTYDPSy14m/ud1ExNe+ymTcWKoJPNFYcKRiVD2Ohow RYnhE0swUczeisgIK0yMDWhhSyCyTLzlBFZJ67LquVXvvlap3+XpFOEETuEcPLiCOtxCA5pA4BFe4BXenGfn3flwPuetBSefOYYFOF+/MZKVpg==</latexit><latexit sha1_base64="HaKxPdGwWfU3KYTtNJBQDHB+8Ak=">AAAB/HicbVBNSwMxEJ2tX7V+VT16CRZBEMquFPRY8OJJKtgPaJeSTbNtbJJdkqxQlvobvOrZm3j1v3j0 n5ht92BbHww83pthZl4Qc6aN6347hbX1jc2t4nZpZ3dv/6B8eNTSUaIIbZKIR6oTYE05k7RpmOG0EyuKRcBpOxjfZH77iSrNIvlgJjH1BR5KFjKCjZVavUCkF9N+ueJW3RnQKvFyUoEcjX75pzeISCKoNIRjrbueGxs/xcowwum01Es0jTEZ4yHtWiqxoNpPZ9dO0ZlVBiiMlC1p0Ez9O5FiofVEBLZTYDPSy14m/ud1ExNe+ymTcWKoJPNFYcKRiVD2Ohow RYnhE0swUczeisgIK0yMDWhhSyCyTLzlBFZJ67LquVXvvlap3+XpFOEETuEcPLiCOtxCA5pA4BFe4BXenGfn3flwPuetBSefOYYFOF+/MZKVpg==</latexit><latexit sha1_base64="HaKxPdGwWfU3KYTtNJBQDHB+8Ak=">AAAB/HicbVBNSwMxEJ2tX7V+VT16CRZBEMquFPRY8OJJKtgPaJeSTbNtbJJdkqxQlvobvOrZm3j1v3j0 n5ht92BbHww83pthZl4Qc6aN6347hbX1jc2t4nZpZ3dv/6B8eNTSUaIIbZKIR6oTYE05k7RpmOG0EyuKRcBpOxjfZH77iSrNIvlgJjH1BR5KFjKCjZVavUCkF9N+ueJW3RnQKvFyUoEcjX75pzeISCKoNIRjrbueGxs/xcowwum01Es0jTEZ4yHtWiqxoNpPZ9dO0ZlVBiiMlC1p0Ez9O5FiofVEBLZTYDPSy14m/ud1ExNe+ymTcWKoJPNFYcKRiVD2Ohow RYnhE0swUczeisgIK0yMDWhhSyCyTLzlBFZJ67LquVXvvlap3+XpFOEETuEcPLiCOtxCA5pA4BFe4BXenGfn3flwPuetBSefOYYFOF+/MZKVpg==</latexit>
+
<latexit sha1_base64="HaKxPdGwWfU3KYTtNJBQDHB+8Ak=">AAAB/HicbVBNSwMxEJ2tX7V+VT16CRZBEMquFPRY8OJJKtgPaJeSTbNtbJJdkqxQlvobvOrZm3j1v3j0 n5ht92BbHww83pthZl4Qc6aN6347hbX1jc2t4nZpZ3dv/6B8eNTSUaIIbZKIR6oTYE05k7RpmOG0EyuKRcBpOxjfZH77iSrNIvlgJjH1BR5KFjKCjZVavUCkF9N+ueJW3RnQKvFyUoEcjX75pzeISCKoNIRjrbueGxs/xcowwum01Es0jTEZ4yHtWiqxoNpPZ9dO0ZlVBiiMlC1p0Ez9O5FiofVEBLZTYDPSy14m/ud1ExNe+ymTcWKoJPNFYcKRiVD2Ohow RYnhE0swUczeisgIK0yMDWhhSyCyTLzlBFZJ67LquVXvvlap3+XpFOEETuEcPLiCOtxCA5pA4BFe4BXenGfn3flwPuetBSefOYYFOF+/MZKVpg==</latexit><latexit sha1_base64="HaKxPdGwWfU3KYTtNJBQDHB+8Ak=">AAAB/HicbVBNSwMxEJ2tX7V+VT16CRZBEMquFPRY8OJJKtgPaJeSTbNtbJJdkqxQlvobvOrZm3j1v3j0 n5ht92BbHww83pthZl4Qc6aN6347hbX1jc2t4nZpZ3dv/6B8eNTSUaIIbZKIR6oTYE05k7RpmOG0EyuKRcBpOxjfZH77iSrNIvlgJjH1BR5KFjKCjZVavUCkF9N+ueJW3RnQKvFyUoEcjX75pzeISCKoNIRjrbueGxs/xcowwum01Es0jTEZ4yHtWiqxoNpPZ9dO0ZlVBiiMlC1p0Ez9O5FiofVEBLZTYDPSy14m/ud1ExNe+ymTcWKoJPNFYcKRiVD2Ohow RYnhE0swUczeisgIK0yMDWhhSyCyTLzlBFZJ67LquVXvvlap3+XpFOEETuEcPLiCOtxCA5pA4BFe4BXenGfn3flwPuetBSefOYYFOF+/MZKVpg==</latexit><latexit sha1_base64="HaKxPdGwWfU3KYTtNJBQDHB+8Ak=">AAAB/HicbVBNSwMxEJ2tX7V+VT16CRZBEMquFPRY8OJJKtgPaJeSTbNtbJJdkqxQlvobvOrZm3j1v3j0 n5ht92BbHww83pthZl4Qc6aN6347hbX1jc2t4nZpZ3dv/6B8eNTSUaIIbZKIR6oTYE05k7RpmOG0EyuKRcBpOxjfZH77iSrNIvlgJjH1BR5KFjKCjZVavUCkF9N+ueJW3RnQKvFyUoEcjX75pzeISCKoNIRjrbueGxs/xcowwum01Es0jTEZ4yHtWiqxoNpPZ9dO0ZlVBiiMlC1p0Ez9O5FiofVEBLZTYDPSy14m/ud1ExNe+ymTcWKoJPNFYcKRiVD2Ohow RYnhE0swUczeisgIK0yMDWhhSyCyTLzlBFZJ67LquVXvvlap3+XpFOEETuEcPLiCOtxCA5pA4BFe4BXenGfn3flwPuetBSefOYYFOF+/MZKVpg==</latexit><latexit sha1_base64="HaKxPdGwWfU3KYTtNJBQDHB+8Ak=">AAAB/HicbVBNSwMxEJ2tX7V+VT16CRZBEMquFPRY8OJJKtgPaJeSTbNtbJJdkqxQlvobvOrZm3j1v3j0 n5ht92BbHww83pthZl4Qc6aN6347hbX1jc2t4nZpZ3dv/6B8eNTSUaIIbZKIR6oTYE05k7RpmOG0EyuKRcBpOxjfZH77iSrNIvlgJjH1BR5KFjKCjZVavUCkF9N+ueJW3RnQKvFyUoEcjX75pzeISCKoNIRjrbueGxs/xcowwum01Es0jTEZ4yHtWiqxoNpPZ9dO0ZlVBiiMlC1p0Ez9O5FiofVEBLZTYDPSy14m/ud1ExNe+ymTcWKoJPNFYcKRiVD2Ohow RYnhE0swUczeisgIK0yMDWhhSyCyTLzlBFZJ67LquVXvvlap3+XpFOEETuEcPLiCOtxCA5pA4BFe4BXenGfn3flwPuetBSefOYYFOF+/MZKVpg==</latexit>
x
x˜
<latexit sha1_base64="9X+2Vyl2/91Xp/k9kw5bKalFErY=">AAAB+3icbVDLSs NAFL2pr1pftS7dDBbBVUlE0GXBjSupYB/QhDKZTNqhk0mYmUhLyK+4caGIW3/EnX/jpM1CWw8MHM65l3vm+AlnStv2t1XZ2Nza3qnu1vb2Dw6P6seNnopTSWiXxDyWAx8ryp mgXc00p4NEUhz5nPb96W3h95+oVCwWj3qeUC/CY8FCRrA20qjecDXjAc3cCOuJH2azPB/Vm3bLXgCtE6ckTSjRGdW/3CAmaUSFJhwrNXTsRHsZlpoRTvOamyqaYDLFYzo0VO CIKi9bZM/RuVECFMbSPKHRQv29keFIqXnkm8kiolr1CvE/b5jq8MbLmEhSTQVZHgpTjnSMiiJQwCQlms8NwUQykxWRCZaYaFNXzZTgrH55nfQuW47dch6umu37so4qnMIZXI AD19CGO+hAFwjM4Ble4c3KrRfr3fpYjlascucE/sD6/AH0kpUP</latexit><latexit sha1_base64="9X+2Vyl2/91Xp/k9kw5bKalFErY=">AAAB+3icbVDLSs NAFL2pr1pftS7dDBbBVUlE0GXBjSupYB/QhDKZTNqhk0mYmUhLyK+4caGIW3/EnX/jpM1CWw8MHM65l3vm+AlnStv2t1XZ2Nza3qnu1vb2Dw6P6seNnopTSWiXxDyWAx8ryp mgXc00p4NEUhz5nPb96W3h95+oVCwWj3qeUC/CY8FCRrA20qjecDXjAc3cCOuJH2azPB/Vm3bLXgCtE6ckTSjRGdW/3CAmaUSFJhwrNXTsRHsZlpoRTvOamyqaYDLFYzo0VO CIKi9bZM/RuVECFMbSPKHRQv29keFIqXnkm8kiolr1CvE/b5jq8MbLmEhSTQVZHgpTjnSMiiJQwCQlms8NwUQykxWRCZaYaFNXzZTgrH55nfQuW47dch6umu37so4qnMIZXI AD19CGO+hAFwjM4Ble4c3KrRfr3fpYjlascucE/sD6/AH0kpUP</latexit><latexit sha1_base64="9X+2Vyl2/91Xp/k9kw5bKalFErY=">AAAB+3icbVDLSs NAFL2pr1pftS7dDBbBVUlE0GXBjSupYB/QhDKZTNqhk0mYmUhLyK+4caGIW3/EnX/jpM1CWw8MHM65l3vm+AlnStv2t1XZ2Nza3qnu1vb2Dw6P6seNnopTSWiXxDyWAx8ryp mgXc00p4NEUhz5nPb96W3h95+oVCwWj3qeUC/CY8FCRrA20qjecDXjAc3cCOuJH2azPB/Vm3bLXgCtE6ckTSjRGdW/3CAmaUSFJhwrNXTsRHsZlpoRTvOamyqaYDLFYzo0VO CIKi9bZM/RuVECFMbSPKHRQv29keFIqXnkm8kiolr1CvE/b5jq8MbLmEhSTQVZHgpTjnSMiiJQwCQlms8NwUQykxWRCZaYaFNXzZTgrH55nfQuW47dch6umu37so4qnMIZXI AD19CGO+hAFwjM4Ble4c3KrRfr3fpYjlascucE/sD6/AH0kpUP</latexit><latexit sha1_base64="9X+2Vyl2/91Xp/k9kw5bKalFErY=">AAAB+3icbVDLSs NAFL2pr1pftS7dDBbBVUlE0GXBjSupYB/QhDKZTNqhk0mYmUhLyK+4caGIW3/EnX/jpM1CWw8MHM65l3vm+AlnStv2t1XZ2Nza3qnu1vb2Dw6P6seNnopTSWiXxDyWAx8ryp mgXc00p4NEUhz5nPb96W3h95+oVCwWj3qeUC/CY8FCRrA20qjecDXjAc3cCOuJH2azPB/Vm3bLXgCtE6ckTSjRGdW/3CAmaUSFJhwrNXTsRHsZlpoRTvOamyqaYDLFYzo0VO CIKi9bZM/RuVECFMbSPKHRQv29keFIqXnkm8kiolr1CvE/b5jq8MbLmEhSTQVZHgpTjnSMiiJQwCQlms8NwUQykxWRCZaYaFNXzZTgrH55nfQuW47dch6umu37so4qnMIZXI AD19CGO+hAFwjM4Ble4c3KrRfr3fpYjlascucE/sD6/AH0kpUP</latexit>
><latexit sha1_base64="QHAWbdj9E1Ak0EXWIIBKLrE6JxM=">AAAB7HicbVBNS8 NAEJ34WetX1aOXYBE8lUQEPRa89FjBtIU2lM120y7d7IbdiVBCf4MXD4p49Qd589+4aXPQ1gcDj/dmmJkXpYIb9LxvZ2Nza3tnt7JX3T84PDqunZx2jMo0ZQFVQuleRAwTXL IAOQrWSzUjSSRYN5reF373iWnDlXzEWcrChIwljzklaKVggCqtDmt1r+Et4K4TvyR1KNEe1r4GI0WzhEmkghjT970Uw5xo5FSweXWQGZYSOiVj1rdUkoSZMF8cO3cvrTJyY6 VtSXQX6u+JnCTGzJLIdiYEJ2bVK8T/vH6G8V2Yc5lmyCRdLooz4aJyi8/dEdeMophZQqjm9laXTogmFG0+RQj+6svrpHPd8L2G/3BTb7bKOCpwDhdwBT7cQhNa0IYAKHB4hl d4c6Tz4rw7H8vWDaecOYM/cD5/AGZujms=</latexit><latexit sha1_base64="QHAWbdj9E1Ak0EXWIIBKLrE6JxM=">AAAB7HicbVBNS8 NAEJ34WetX1aOXYBE8lUQEPRa89FjBtIU2lM120y7d7IbdiVBCf4MXD4p49Qd589+4aXPQ1gcDj/dmmJkXpYIb9LxvZ2Nza3tnt7JX3T84PDqunZx2jMo0ZQFVQuleRAwTXL IAOQrWSzUjSSRYN5reF373iWnDlXzEWcrChIwljzklaKVggCqtDmt1r+Et4K4TvyR1KNEe1r4GI0WzhEmkghjT970Uw5xo5FSweXWQGZYSOiVj1rdUkoSZMF8cO3cvrTJyY6 VtSXQX6u+JnCTGzJLIdiYEJ2bVK8T/vH6G8V2Yc5lmyCRdLooz4aJyi8/dEdeMophZQqjm9laXTogmFG0+RQj+6svrpHPd8L2G/3BTb7bKOCpwDhdwBT7cQhNa0IYAKHB4hl d4c6Tz4rw7H8vWDaecOYM/cD5/AGZujms=</latexit><latexit sha1_base64="QHAWbdj9E1Ak0EXWIIBKLrE6JxM=">AAAB7HicbVBNS8 NAEJ34WetX1aOXYBE8lUQEPRa89FjBtIU2lM120y7d7IbdiVBCf4MXD4p49Qd589+4aXPQ1gcDj/dmmJkXpYIb9LxvZ2Nza3tnt7JX3T84PDqunZx2jMo0ZQFVQuleRAwTXL IAOQrWSzUjSSRYN5reF373iWnDlXzEWcrChIwljzklaKVggCqtDmt1r+Et4K4TvyR1KNEe1r4GI0WzhEmkghjT970Uw5xo5FSweXWQGZYSOiVj1rdUkoSZMF8cO3cvrTJyY6 VtSXQX6u+JnCTGzJLIdiYEJ2bVK8T/vH6G8V2Yc5lmyCRdLooz4aJyi8/dEdeMophZQqjm9laXTogmFG0+RQj+6svrpHPd8L2G/3BTb7bKOCpwDhdwBT7cQhNa0IYAKHB4hl d4c6Tz4rw7H8vWDaecOYM/cD5/AGZujms=</latexit><latexit sha1_base64="QHAWbdj9E1Ak0EXWIIBKLrE6JxM=">AAAB7HicbVBNS8 NAEJ34WetX1aOXYBE8lUQEPRa89FjBtIU2lM120y7d7IbdiVBCf4MXD4p49Qd589+4aXPQ1gcDj/dmmJkXpYIb9LxvZ2Nza3tnt7JX3T84PDqunZx2jMo0ZQFVQuleRAwTXL IAOQrWSzUjSSRYN5reF373iWnDlXzEWcrChIwljzklaKVggCqtDmt1r+Et4K4TvyR1KNEe1r4GI0WzhEmkghjT970Uw5xo5FSweXWQGZYSOiVj1rdUkoSZMF8cO3cvrTJyY6 VtSXQX6u+JnCTGzJLIdiYEJ2bVK8T/vH6G8V2Yc5lmyCRdLooz4aJyi8/dEdeMophZQqjm9laXTogmFG0+RQj+6svrpHPd8L2G/3BTb7bKOCpwDhdwBT7cQhNa0IYAKHB4hl d4c6Tz4rw7H8vWDaecOYM/cD5/AGZujms=</latexit>
softmax(·)
<latexit sha1_base64="i2PV2O3t7PlZkPsRrvNi0ApKJXk=">AAACDXicbVC7SgNBFJ2Nrxhfq2JlsxiE2IRdEbQM2FhJBPOAJITZyWwyZ B7LzF1JWPINfoOt1nZi6zdY+idOki1M4oELh3Pu5VxOGHNmwPe/ndza+sbmVn67sLO7t3/gHh7VjUo0oTWiuNLNEBvKmaQ1YMBpM9YUi5DTRji8nfqNJ6oNU/IRxjHtCNyXLGIEg5W67kkb6AhSoyIQeDQptUlPwUXXLfplfwZvlQQZKaIM1a770+4pkggqgXBsTCvwY+ikWAMjnE4K7cTQGJ Mh7tOWpRILajrp7P2Jd26VnhcpbUeCN1P/XqRYGDMWod0UGAZm2ZuK/3mtBKKbTspknACVZB4UJdwD5U278HpMUwJ8bAkmmtlfPTLAGhOwjS2khGJiOwmWG1gl9cty4JeDh6ti5T5rJ49O0RkqoQBdowq6Q1VUQwSl6AW9ojfn2Xl3PpzP+WrOyW6O0QKcr1/Vu5yR</latexit><latexit sha1_base64="i2PV2O3t7PlZkPsRrvNi0ApKJXk=">AAACDXicbVC7SgNBFJ2Nrxhfq2JlsxiE2IRdEbQM2FhJBPOAJITZyWwyZ B7LzF1JWPINfoOt1nZi6zdY+idOki1M4oELh3Pu5VxOGHNmwPe/ndza+sbmVn67sLO7t3/gHh7VjUo0oTWiuNLNEBvKmaQ1YMBpM9YUi5DTRji8nfqNJ6oNU/IRxjHtCNyXLGIEg5W67kkb6AhSoyIQeDQptUlPwUXXLfplfwZvlQQZKaIM1a770+4pkggqgXBsTCvwY+ikWAMjnE4K7cTQGJ Mh7tOWpRILajrp7P2Jd26VnhcpbUeCN1P/XqRYGDMWod0UGAZm2ZuK/3mtBKKbTspknACVZB4UJdwD5U278HpMUwJ8bAkmmtlfPTLAGhOwjS2khGJiOwmWG1gl9cty4JeDh6ti5T5rJ49O0RkqoQBdowq6Q1VUQwSl6AW9ojfn2Xl3PpzP+WrOyW6O0QKcr1/Vu5yR</latexit><latexit sha1_base64="i2PV2O3t7PlZkPsRrvNi0ApKJXk=">AAACDXicbVC7SgNBFJ2Nrxhfq2JlsxiE2IRdEbQM2FhJBPOAJITZyWwyZ B7LzF1JWPINfoOt1nZi6zdY+idOki1M4oELh3Pu5VxOGHNmwPe/ndza+sbmVn67sLO7t3/gHh7VjUo0oTWiuNLNEBvKmaQ1YMBpM9YUi5DTRji8nfqNJ6oNU/IRxjHtCNyXLGIEg5W67kkb6AhSoyIQeDQptUlPwUXXLfplfwZvlQQZKaIM1a770+4pkggqgXBsTCvwY+ikWAMjnE4K7cTQGJ Mh7tOWpRILajrp7P2Jd26VnhcpbUeCN1P/XqRYGDMWod0UGAZm2ZuK/3mtBKKbTspknACVZB4UJdwD5U278HpMUwJ8bAkmmtlfPTLAGhOwjS2khGJiOwmWG1gl9cty4JeDh6ti5T5rJ49O0RkqoQBdowq6Q1VUQwSl6AW9ojfn2Xl3PpzP+WrOyW6O0QKcr1/Vu5yR</latexit><latexit sha1_base64="i2PV2O3t7PlZkPsRrvNi0ApKJXk=">AAACDXicbVC7SgNBFJ2Nrxhfq2JlsxiE2IRdEbQM2FhJBPOAJITZyWwyZ B7LzF1JWPINfoOt1nZi6zdY+idOki1M4oELh3Pu5VxOGHNmwPe/ndza+sbmVn67sLO7t3/gHh7VjUo0oTWiuNLNEBvKmaQ1YMBpM9YUi5DTRji8nfqNJ6oNU/IRxjHtCNyXLGIEg5W67kkb6AhSoyIQeDQptUlPwUXXLfplfwZvlQQZKaIM1a770+4pkggqgXBsTCvwY+ikWAMjnE4K7cTQGJ Mh7tOWpRILajrp7P2Jd26VnhcpbUeCN1P/XqRYGDMWod0UGAZm2ZuK/3mtBKKbTspknACVZB4UJdwD5U278HpMUwJ8bAkmmtlfPTLAGhOwjS2khGJiOwmWG1gl9cty4JeDh6ti5T5rJ49O0RkqoQBdowq6Q1VUQwSl6AW9ojfn2Xl3PpzP+WrOyW6O0QKcr1/Vu5yR</latexit>
[w]
<latexit sha1_base64="lwtekUUqSQReXC9b3pOXGXks+z4=">AAAB/nicbVBNS8 NAEJ3Ur1q/qh69LBbBU0lE0GPBiyepYD8gDWWz3bRLdzdhd6OUEPA3eNWzN/HqX/HoP3Hb5mBbHww83pthZl6YcKaN6347pbX1jc2t8nZlZ3dv/6B6eNTWcaoIbZGYx6obYk 05k7RlmOG0myiKRchpJxzfTP3OI1WaxfLBTBIaCDyULGIEGyt1/V4osqc86Fdrbt2dAa0SryA1KNDsV396g5ikgkpDONba99zEBBlWhhFO80ov1TTBZIyH1LdUYkF1kM3uzd GZVQYoipUtadBM/TuRYaH1RIS2U2Az0sveVPzP81MTXQcZk0lqqCTzRVHKkYnR9Hk0YIoSwyeWYKKYvRWREVaYGBvRwpZQ5DYTbzmBVdK+qHtu3bu/rDXuinTKcAKncA4eXE EDbqEJLSDA4QVe4c15dt6dD+dz3lpyipljWIDz9QsaW5a+</latexit><latexit sha1_base64="lwtekUUqSQReXC9b3pOXGXks+z4=">AAAB/nicbVBNS8 NAEJ3Ur1q/qh69LBbBU0lE0GPBiyepYD8gDWWz3bRLdzdhd6OUEPA3eNWzN/HqX/HoP3Hb5mBbHww83pthZl6YcKaN6347pbX1jc2t8nZlZ3dv/6B6eNTWcaoIbZGYx6obYk 05k7RlmOG0myiKRchpJxzfTP3OI1WaxfLBTBIaCDyULGIEGyt1/V4osqc86Fdrbt2dAa0SryA1KNDsV396g5ikgkpDONba99zEBBlWhhFO80ov1TTBZIyH1LdUYkF1kM3uzd GZVQYoipUtadBM/TuRYaH1RIS2U2Az0sveVPzP81MTXQcZk0lqqCTzRVHKkYnR9Hk0YIoSwyeWYKKYvRWREVaYGBvRwpZQ5DYTbzmBVdK+qHtu3bu/rDXuinTKcAKncA4eXE EDbqEJLSDA4QVe4c15dt6dD+dz3lpyipljWIDz9QsaW5a+</latexit><latexit sha1_base64="lwtekUUqSQReXC9b3pOXGXks+z4=">AAAB/nicbVBNS8 NAEJ3Ur1q/qh69LBbBU0lE0GPBiyepYD8gDWWz3bRLdzdhd6OUEPA3eNWzN/HqX/HoP3Hb5mBbHww83pthZl6YcKaN6347pbX1jc2t8nZlZ3dv/6B6eNTWcaoIbZGYx6obYk 05k7RlmOG0myiKRchpJxzfTP3OI1WaxfLBTBIaCDyULGIEGyt1/V4osqc86Fdrbt2dAa0SryA1KNDsV396g5ikgkpDONba99zEBBlWhhFO80ov1TTBZIyH1LdUYkF1kM3uzd GZVQYoipUtadBM/TuRYaH1RIS2U2Az0sveVPzP81MTXQcZk0lqqCTzRVHKkYnR9Hk0YIoSwyeWYKKYvRWREVaYGBvRwpZQ5DYTbzmBVdK+qHtu3bu/rDXuinTKcAKncA4eXE EDbqEJLSDA4QVe4c15dt6dD+dz3lpyipljWIDz9QsaW5a+</latexit><latexit sha1_base64="lwtekUUqSQReXC9b3pOXGXks+z4=">AAAB/nicbVBNS8 NAEJ3Ur1q/qh69LBbBU0lE0GPBiyepYD8gDWWz3bRLdzdhd6OUEPA3eNWzN/HqX/HoP3Hb5mBbHww83pthZl6YcKaN6347pbX1jc2t8nZlZ3dv/6B6eNTWcaoIbZGYx6obYk 05k7RlmOG0myiKRchpJxzfTP3OI1WaxfLBTBIaCDyULGIEGyt1/V4osqc86Fdrbt2dAa0SryA1KNDsV396g5ikgkpDONba99zEBBlWhhFO80ov1TTBZIyH1LdUYkF1kM3uzd GZVQYoipUtadBM/TuRYaH1RIS2U2Az0sveVPzP81MTXQcZk0lqqCTzRVHKkYnR9Hk0YIoSwyeWYKKYvRWREVaYGBvRwpZQ5DYTbzmBVdK+qHtu3bu/rDXuinTKcAKncA4eXE EDbqEJLSDA4QVe4c15dt6dD+dz3lpyipljWIDz9QsaW5a+</latexit>
↵k
<latexit sha1_base64="UsVRsXGQtcWEmfNQr3HN5eQcZ/E=">AAACB3icbVDLSsNAFL2pr1ofjbp0EyyCq5KIoMuCG1dSwT6gCWEynbRDZyZhZiKUkA/wG9zq2p249TNc +idO2yxs64ELh3Pu5VxOlDKqtOt+W5WNza3tnepubW//4LBuHx13VZJJTDo4YYnsR0gRRgXpaKoZ6aeSIB4x0osmtzO/90Skool41NOUBByNBI0pRtpIoV3P/YjnPmLpGBVFOAnthtt053DWiVeSBpRoh/aPP0xwxonQmCGlBp6b6iBHUlPMSFHzM0VShCdoRAaGCsSJCvL544VzbpShEyfSjNDOXP17kSOu1JRHZpMjPVar3kz8zxtkOr4JcirSTBOBF0Fx xhydOLMWnCGVBGs2NQRhSc2vDh4jibA2XS2lRLwwnXirDayT7mXTc5vew1WjdV+2U4VTOIML8OAaWnAHbegAhgxe4BXerGfr3fqwPherFau8OYElWF+/X6uaKg==</latexit><latexit sha1_base64="UsVRsXGQtcWEmfNQr3HN5eQcZ/E=">AAACB3icbVDLSsNAFL2pr1ofjbp0EyyCq5KIoMuCG1dSwT6gCWEynbRDZyZhZiKUkA/wG9zq2p249TNc +idO2yxs64ELh3Pu5VxOlDKqtOt+W5WNza3tnepubW//4LBuHx13VZJJTDo4YYnsR0gRRgXpaKoZ6aeSIB4x0osmtzO/90Skool41NOUBByNBI0pRtpIoV3P/YjnPmLpGBVFOAnthtt053DWiVeSBpRoh/aPP0xwxonQmCGlBp6b6iBHUlPMSFHzM0VShCdoRAaGCsSJCvL544VzbpShEyfSjNDOXP17kSOu1JRHZpMjPVar3kz8zxtkOr4JcirSTBOBF0Fx xhydOLMWnCGVBGs2NQRhSc2vDh4jibA2XS2lRLwwnXirDayT7mXTc5vew1WjdV+2U4VTOIML8OAaWnAHbegAhgxe4BXerGfr3fqwPherFau8OYElWF+/X6uaKg==</latexit><latexit sha1_base64="UsVRsXGQtcWEmfNQr3HN5eQcZ/E=">AAACB3icbVDLSsNAFL2pr1ofjbp0EyyCq5KIoMuCG1dSwT6gCWEynbRDZyZhZiKUkA/wG9zq2p249TNc +idO2yxs64ELh3Pu5VxOlDKqtOt+W5WNza3tnepubW//4LBuHx13VZJJTDo4YYnsR0gRRgXpaKoZ6aeSIB4x0osmtzO/90Skool41NOUBByNBI0pRtpIoV3P/YjnPmLpGBVFOAnthtt053DWiVeSBpRoh/aPP0xwxonQmCGlBp6b6iBHUlPMSFHzM0VShCdoRAaGCsSJCvL544VzbpShEyfSjNDOXP17kSOu1JRHZpMjPVar3kz8zxtkOr4JcirSTBOBF0Fx xhydOLMWnCGVBGs2NQRhSc2vDh4jibA2XS2lRLwwnXirDayT7mXTc5vew1WjdV+2U4VTOIML8OAaWnAHbegAhgxe4BXerGfr3fqwPherFau8OYElWF+/X6uaKg==</latexit><latexit sha1_base64="UsVRsXGQtcWEmfNQr3HN5eQcZ/E=">AAACB3icbVDLSsNAFL2pr1ofjbp0EyyCq5KIoMuCG1dSwT6gCWEynbRDZyZhZiKUkA/wG9zq2p249TNc +idO2yxs64ELh3Pu5VxOlDKqtOt+W5WNza3tnepubW//4LBuHx13VZJJTDo4YYnsR0gRRgXpaKoZ6aeSIB4x0osmtzO/90Skool41NOUBByNBI0pRtpIoV3P/YjnPmLpGBVFOAnthtt053DWiVeSBpRoh/aPP0xwxonQmCGlBp6b6iBHUlPMSFHzM0VShCdoRAaGCsSJCvL544VzbpShEyfSjNDOXP17kSOu1JRHZpMjPVar3kz8zxtkOr4JcirSTBOBF0Fx xhydOLMWnCGVBGs2NQRhSc2vDh4jibA2XS2lRLwwnXirDayT7mXTc5vew1WjdV+2U4VTOIML8OAaWnAHbegAhgxe4BXerGfr3fqwPherFau8OYElWF+/X6uaKg==</latexit>
P(T > t|X)
<latexit sha1_base64="qYVk53jm+qnqPd1uDoOFEuihSY0=">AAACCXicbVDLSsNAFJ3UV62vVJduBotQNyURQVdScONKKvQFbSgz00k7dCYJMxOlxHyB3+BW1+7ErV/h0j9x0mZhWw9cOJxzL/dwcMSZ0o7zbRXW1jc2t4rbpZ3dvf0Du3zYVmEsCW2RkIeyi5GinAW0pZnmtBtJigTmtI MnN5nfeaBSsTBo6mlEPYFGAfMZQdpIA7vcF0iPMU4aabV5rZ+6ZwO74tScGeAqcXNSATkaA/unPwxJLGigCUdK9Vwn0l6CpGaE07TUjxWNEJmgEe0ZGiBBlZfMoqfw1ChD6IfSTKDhTP17kSCh1FRgs5kFVcteJv7n9WLtX3kJC6JY04DMH/kxhzqEWQ9wyCQlmk8NQUQykxWSMZKIaNPWwhcsUtOJu9zAKmmf11yn5t5fVOp3eTtFcAxOQBW44BLUwS1ogBYg4BG8gFfwZj1b79aH9TlfLVj5zRFYgPX1C6NRmjQ=</latexit><latexit sha1_base64="qYVk53jm+qnqPd1uDoOFEuihSY0=">AAACCXicbVDLSsNAFJ3UV62vVJduBotQNyURQVdScONKKvQFbSgz00k7dCYJMxOlxHyB3+BW1+7ErV/h0j9x0mZhWw9cOJxzL/dwcMSZ0o7zbRXW1jc2t4rbpZ3dvf0Du3zYVmEsCW2RkIeyi5GinAW0pZnmtBtJigTmtI MnN5nfeaBSsTBo6mlEPYFGAfMZQdpIA7vcF0iPMU4aabV5rZ+6ZwO74tScGeAqcXNSATkaA/unPwxJLGigCUdK9Vwn0l6CpGaE07TUjxWNEJmgEe0ZGiBBlZfMoqfw1ChD6IfSTKDhTP17kSCh1FRgs5kFVcteJv7n9WLtX3kJC6JY04DMH/kxhzqEWQ9wyCQlmk8NQUQykxWSMZKIaNPWwhcsUtOJu9zAKmmf11yn5t5fVOp3eTtFcAxOQBW44BLUwS1ogBYg4BG8gFfwZj1b79aH9TlfLVj5zRFYgPX1C6NRmjQ=</latexit><latexit sha1_base64="qYVk53jm+qnqPd1uDoOFEuihSY0=">AAACCXicbVDLSsNAFJ3UV62vVJduBotQNyURQVdScONKKvQFbSgz00k7dCYJMxOlxHyB3+BW1+7ErV/h0j9x0mZhWw9cOJxzL/dwcMSZ0o7zbRXW1jc2t4rbpZ3dvf0Du3zYVmEsCW2RkIeyi5GinAW0pZnmtBtJigTmtI MnN5nfeaBSsTBo6mlEPYFGAfMZQdpIA7vcF0iPMU4aabV5rZ+6ZwO74tScGeAqcXNSATkaA/unPwxJLGigCUdK9Vwn0l6CpGaE07TUjxWNEJmgEe0ZGiBBlZfMoqfw1ChD6IfSTKDhTP17kSCh1FRgs5kFVcteJv7n9WLtX3kJC6JY04DMH/kxhzqEWQ9wyCQlmk8NQUQykxWSMZKIaNPWwhcsUtOJu9zAKmmf11yn5t5fVOp3eTtFcAxOQBW44BLUwS1ogBYg4BG8gFfwZj1b79aH9TlfLVj5zRFYgPX1C6NRmjQ=</latexit><latexit sha1_base64="qYVk53jm+qnqPd1uDoOFEuihSY0=">AAACCXicbVDLSsNAFJ3UV62vVJduBotQNyURQVdScONKKvQFbSgz00k7dCYJMxOlxHyB3+BW1+7ErV/h0j9x0mZhWw9cOJxzL/dwcMSZ0o7zbRXW1jc2t4rbpZ3dvf0Du3zYVmEsCW2RkIeyi5GinAW0pZnmtBtJigTmtI MnN5nfeaBSsTBo6mlEPYFGAfMZQdpIA7vcF0iPMU4aabV5rZ+6ZwO74tScGeAqcXNSATkaA/unPwxJLGigCUdK9Vwn0l6CpGaE07TUjxWNEJmgEe0ZGiBBlZfMoqfw1ChD6IfSTKDhTP17kSCh1FRgs5kFVcteJv7n9WLtX3kJC6JY04DMH/kxhzqEWQ9wyCQlmk8NQUQykxWSMZKIaNPWwhcsUtOJu9zAKmmf11yn5t5fVOp3eTtFcAxOQBW44BLUwS1ogBYg4BG8gFfwZj1b79aH9TlfLVj5zRFYgPX1C6NRmjQ=</latexit>
P(T = t|X)
<latexit sha1_base64="t6tZ+dt8ZIylLf4StqqWw08IFzM=">AAACCXicbVDLSsNAFJ3UV62vVJduBotQNyURQTdCwY0rqdAXtKHMTCft0JkkzEyUEvMFfoNbXbsTt36FS//ESZuFbT1w4XDOvdzDwRFnSjvOt1VYW9/Y3Cpul3Z29/YP7PJhW4WxJLRFQh7KLkaKchbQlmaa024kKRKY0w 6e3GR+54FKxcKgqacR9QQaBcxnBGkjDexyXyA9xjhppNXmtX7qng3silNzZoCrxM1JBeRoDOyf/jAksaCBJhwp1XOdSHsJkpoRTtNSP1Y0QmSCRrRnaIAEVV4yi57CU6MMoR9KM4GGM/XvRYKEUlOBzWYWVC17mfif14u1f+UlLIhiTQMyf+THHOoQZj3AIZOUaD41BBHJTFZIxkgiok1bC1+wSE0n7nIDq6R9XnOdmnt/Uanf5e0UwTE4AVXggktQB7egAVqAgEfwAl7Bm/VsvVsf1ud8tWDlN0dgAdbXL6G6mjM=</latexit><latexit sha1_base64="t6tZ+dt8ZIylLf4StqqWw08IFzM=">AAACCXicbVDLSsNAFJ3UV62vVJduBotQNyURQTdCwY0rqdAXtKHMTCft0JkkzEyUEvMFfoNbXbsTt36FS//ESZuFbT1w4XDOvdzDwRFnSjvOt1VYW9/Y3Cpul3Z29/YP7PJhW4WxJLRFQh7KLkaKchbQlmaa024kKRKY0w 6e3GR+54FKxcKgqacR9QQaBcxnBGkjDexyXyA9xjhppNXmtX7qng3silNzZoCrxM1JBeRoDOyf/jAksaCBJhwp1XOdSHsJkpoRTtNSP1Y0QmSCRrRnaIAEVV4yi57CU6MMoR9KM4GGM/XvRYKEUlOBzWYWVC17mfif14u1f+UlLIhiTQMyf+THHOoQZj3AIZOUaD41BBHJTFZIxkgiok1bC1+wSE0n7nIDq6R9XnOdmnt/Uanf5e0UwTE4AVXggktQB7egAVqAgEfwAl7Bm/VsvVsf1ud8tWDlN0dgAdbXL6G6mjM=</latexit><latexit sha1_base64="t6tZ+dt8ZIylLf4StqqWw08IFzM=">AAACCXicbVDLSsNAFJ3UV62vVJduBotQNyURQTdCwY0rqdAXtKHMTCft0JkkzEyUEvMFfoNbXbsTt36FS//ESZuFbT1w4XDOvdzDwRFnSjvOt1VYW9/Y3Cpul3Z29/YP7PJhW4WxJLRFQh7KLkaKchbQlmaa024kKRKY0w 6e3GR+54FKxcKgqacR9QQaBcxnBGkjDexyXyA9xjhppNXmtX7qng3silNzZoCrxM1JBeRoDOyf/jAksaCBJhwp1XOdSHsJkpoRTtNSP1Y0QmSCRrRnaIAEVV4yi57CU6MMoR9KM4GGM/XvRYKEUlOBzWYWVC17mfif14u1f+UlLIhiTQMyf+THHOoQZj3AIZOUaD41BBHJTFZIxkgiok1bC1+wSE0n7nIDq6R9XnOdmnt/Uanf5e0UwTE4AVXggktQB7egAVqAgEfwAl7Bm/VsvVsf1ud8tWDlN0dgAdbXL6G6mjM=</latexit><latexit sha1_base64="t6tZ+dt8ZIylLf4StqqWw08IFzM=">AAACCXicbVDLSsNAFJ3UV62vVJduBotQNyURQTdCwY0rqdAXtKHMTCft0JkkzEyUEvMFfoNbXbsTt36FS//ESZuFbT1w4XDOvdzDwRFnSjvOt1VYW9/Y3Cpul3Z29/YP7PJhW4WxJLRFQh7KLkaKchbQlmaa024kKRKY0w 6e3GR+54FKxcKgqacR9QQaBcxnBGkjDexyXyA9xjhppNXmtX7qng3silNzZoCrxM1JBeRoDOyf/jAksaCBJhwp1XOdSHsJkpoRTtNSP1Y0QmSCRrRnaIAEVV4yi57CU6MMoR9KM4GGM/XvRYKEUlOBzWYWVC17mfif14u1f+UlLIhiTQMyf+THHOoQZj3AIZOUaD41BBHJTFZIxkgiok1bC1+wSE0n7nIDq6R9XnOdmnt/Uanf5e0UwTE4AVXggktQB7egAVqAgEfwAl7Bm/VsvVsf1ud8tWDlN0dgAdbXL6G6mjM=</latexit>
[ ˜]
<latexit sha1_base64="8ZvkSRXkcHJvLiXspS46nyCo8dI=">AAACDHicbVDLSsNAFJ3UV62v+ti5CRbBVUlE0GXBjSupYFuhCWUyuW2HziRh5kaoIb/gN7jVtTtx6z+4 9E+ctlnY1gMXDufcy7mcIBFco+N8W6WV1bX1jfJmZWt7Z3evun/Q1nGqGLRYLGL1EFANgkfQQo4CHhIFVAYCOsHoeuJ3HkFpHkf3OE7Al3QQ8T5nFI3Uqx51PeQihMwLpBlAmud+r1pz6s4U9jJxC1IjBZq96o8XxiyVECETVOuu6yToZ1QhZwLyipdqSCgb0QF0DY2oBO1n0+9z+9Qood2PlZkI7an69yKjUuuxDMympDjUi95E/M/rpti/8jMeJSlCxGZB /VTYGNuTKuyQK2AoxoZQprj51WZDqihDU9hcSiBz04m72MAyaZ/XXafu3l3UGrdFO2VyTE7IGXHJJWmQG9IkLcLIE3khr+TNerberQ/rc7ZasoqbQzIH6+sXSv6cTg==</latexit><latexit sha1_base64="8ZvkSRXkcHJvLiXspS46nyCo8dI=">AAACDHicbVDLSsNAFJ3UV62v+ti5CRbBVUlE0GXBjSupYFuhCWUyuW2HziRh5kaoIb/gN7jVtTtx6z+4 9E+ctlnY1gMXDufcy7mcIBFco+N8W6WV1bX1jfJmZWt7Z3evun/Q1nGqGLRYLGL1EFANgkfQQo4CHhIFVAYCOsHoeuJ3HkFpHkf3OE7Al3QQ8T5nFI3Uqx51PeQihMwLpBlAmud+r1pz6s4U9jJxC1IjBZq96o8XxiyVECETVOuu6yToZ1QhZwLyipdqSCgb0QF0DY2oBO1n0+9z+9Qood2PlZkI7an69yKjUuuxDMympDjUi95E/M/rpti/8jMeJSlCxGZB /VTYGNuTKuyQK2AoxoZQprj51WZDqihDU9hcSiBz04m72MAyaZ/XXafu3l3UGrdFO2VyTE7IGXHJJWmQG9IkLcLIE3khr+TNerberQ/rc7ZasoqbQzIH6+sXSv6cTg==</latexit><latexit sha1_base64="8ZvkSRXkcHJvLiXspS46nyCo8dI=">AAACDHicbVDLSsNAFJ3UV62v+ti5CRbBVUlE0GXBjSupYFuhCWUyuW2HziRh5kaoIb/gN7jVtTtx6z+4 9E+ctlnY1gMXDufcy7mcIBFco+N8W6WV1bX1jfJmZWt7Z3evun/Q1nGqGLRYLGL1EFANgkfQQo4CHhIFVAYCOsHoeuJ3HkFpHkf3OE7Al3QQ8T5nFI3Uqx51PeQihMwLpBlAmud+r1pz6s4U9jJxC1IjBZq96o8XxiyVECETVOuu6yToZ1QhZwLyipdqSCgb0QF0DY2oBO1n0+9z+9Qood2PlZkI7an69yKjUuuxDMympDjUi95E/M/rpti/8jMeJSlCxGZB /VTYGNuTKuyQK2AoxoZQprj51WZDqihDU9hcSiBz04m72MAyaZ/XXafu3l3UGrdFO2VyTE7IGXHJJWmQG9IkLcLIE3khr+TNerberQ/rc7ZasoqbQzIH6+sXSv6cTg==</latexit><latexit sha1_base64="8ZvkSRXkcHJvLiXspS46nyCo8dI=">AAACDHicbVDLSsNAFJ3UV62v+ti5CRbBVUlE0GXBjSupYFuhCWUyuW2HziRh5kaoIb/gN7jVtTtx6z+4 9E+ctlnY1gMXDufcy7mcIBFco+N8W6WV1bX1jfJmZWt7Z3evun/Q1nGqGLRYLGL1EFANgkfQQo4CHhIFVAYCOsHoeuJ3HkFpHkf3OE7Al3QQ8T5nFI3Uqx51PeQihMwLpBlAmud+r1pz6s4U9jJxC1IjBZq96o8XxiyVECETVOuu6yToZ1QhZwLyipdqSCgb0QF0DY2oBO1n0+9z+9Qood2PlZkI7an69yKjUuuxDMympDjUi95E/M/rpti/8jMeJSlCxGZB /VTYGNuTKuyQK2AoxoZQprj51WZDqihDU9hcSiBz04m72MAyaZ/XXafu3l3UGrdFO2VyTE7IGXHJJWmQG9IkLcLIE3khr+TNerberQ/rc7ZasoqbQzIH6+sXSv6cTg==</latexit>
[⌘˜]
<latexit sha1_base64="+XPcXCXcTwJ8eCQh21zIFIQ88Hw=">AAACC3icbVDLSsNAFJ3UV62vapdugkVwVRIRdFlw40oq2Ac0oUwmt+3QmSTM3Agl5BP8Bre6didu/QiX /onTNgvbeuDC4Zx7OZcTJIJrdJxvq7SxubW9U96t7O0fHB5Vj086Ok4VgzaLRax6AdUgeARt5CiglyigMhDQDSa3M7/7BErzOHrEaQK+pKOIDzmjaKRBtdb3kIsQMi+QmQdI89wfVOtOw5nDXiduQeqkQGtQ/fHCmKUSImSCat13nQT9jCrkTEBe8VINCWUTOoK+oRGVoP1s/nxunxsltIexMhOhPVf/XmRUaj2VgdmUFMd61ZuJ/3n9FIc3fsajJEWI2CJo mAobY3vWhB1yBQzF1BDKFDe/2mxMFWVo+lpKCWRuOnFXG1gnncuG6zTch6t6875op0xOyRm5IC65Jk1yR1qkTRiZkhfySt6sZ+vd+rA+F6slq7ipkSVYX7+D4Zvi</latexit><latexit sha1_base64="+XPcXCXcTwJ8eCQh21zIFIQ88Hw=">AAACC3icbVDLSsNAFJ3UV62vapdugkVwVRIRdFlw40oq2Ac0oUwmt+3QmSTM3Agl5BP8Bre6didu/QiX /onTNgvbeuDC4Zx7OZcTJIJrdJxvq7SxubW9U96t7O0fHB5Vj086Ok4VgzaLRax6AdUgeARt5CiglyigMhDQDSa3M7/7BErzOHrEaQK+pKOIDzmjaKRBtdb3kIsQMi+QmQdI89wfVOtOw5nDXiduQeqkQGtQ/fHCmKUSImSCat13nQT9jCrkTEBe8VINCWUTOoK+oRGVoP1s/nxunxsltIexMhOhPVf/XmRUaj2VgdmUFMd61ZuJ/3n9FIc3fsajJEWI2CJo mAobY3vWhB1yBQzF1BDKFDe/2mxMFWVo+lpKCWRuOnFXG1gnncuG6zTch6t6875op0xOyRm5IC65Jk1yR1qkTRiZkhfySt6sZ+vd+rA+F6slq7ipkSVYX7+D4Zvi</latexit><latexit sha1_base64="+XPcXCXcTwJ8eCQh21zIFIQ88Hw=">AAACC3icbVDLSsNAFJ3UV62vapdugkVwVRIRdFlw40oq2Ac0oUwmt+3QmSTM3Agl5BP8Bre6didu/QiX /onTNgvbeuDC4Zx7OZcTJIJrdJxvq7SxubW9U96t7O0fHB5Vj086Ok4VgzaLRax6AdUgeARt5CiglyigMhDQDSa3M7/7BErzOHrEaQK+pKOIDzmjaKRBtdb3kIsQMi+QmQdI89wfVOtOw5nDXiduQeqkQGtQ/fHCmKUSImSCat13nQT9jCrkTEBe8VINCWUTOoK+oRGVoP1s/nxunxsltIexMhOhPVf/XmRUaj2VgdmUFMd61ZuJ/3n9FIc3fsajJEWI2CJo mAobY3vWhB1yBQzF1BDKFDe/2mxMFWVo+lpKCWRuOnFXG1gnncuG6zTch6t6875op0xOyRm5IC65Jk1yR1qkTRiZkhfySt6sZ+vd+rA+F6slq7ipkSVYX7+D4Zvi</latexit><latexit sha1_base64="+XPcXCXcTwJ8eCQh21zIFIQ88Hw=">AAACC3icbVDLSsNAFJ3UV62vapdugkVwVRIRdFlw40oq2Ac0oUwmt+3QmSTM3Agl5BP8Bre6didu/QiX /onTNgvbeuDC4Zx7OZcTJIJrdJxvq7SxubW9U96t7O0fHB5Vj086Ok4VgzaLRax6AdUgeARt5CiglyigMhDQDSa3M7/7BErzOHrEaQK+pKOIDzmjaKRBtdb3kIsQMi+QmQdI89wfVOtOw5nDXiduQeqkQGtQ/fHCmKUSImSCat13nQT9jCrkTEBe8VINCWUTOoK+oRGVoP1s/nxunxsltIexMhOhPVf/XmRUaj2VgdmUFMd61ZuJ/3n9FIc3fsajJEWI2CJo mAobY3vWhB1yBQzF1BDKFDe/2mxMFWVo+lpKCWRuOnFXG1gnncuG6zTch6t6875op0xOyRm5IC65Jk1yR1qkTRiZkhfySt6sZ+vd+rA+F6slq7ipkSVYX7+D4Zvi</latexit>
⌘k
<latexit sha1_base64="Y5tWKhlY+lRFvM/QOSwDqUqc+c8=">AAACAXicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPBiyepYFshCWWznbRLd7NhdyOUkJO/wauevYlXf4lH /4nbNgfb+mDg8d4MM/OilDNtXPfbqaytb2xuVbdrO7t7+wf1w6Oulpmi0KGSS/UYEQ2cJdAxzHB4TBUQEXHoReObqd97AqWZTB7MJIVQkGHCYkaJsZIfRCIPwJCiP+7XG27TnQGvEq8kDVSi3a//BANJMwGJoZxo7XtuasKcKMMoh6IWZBpSQsdkCL6lCRGgw3x2coHPrDLAsVS2EoNn6t+JnAitJyKynYKYkV72puJ/np+Z+DrMWZJmBhI6XxRnHBuJp//j AVNADZ9YQqhi9lZMR0QRamxKC1siUdhMvOUEVkn3oum5Te/+stG6K9OpohN0is6Rh65QC92iNuogiiR6Qa/ozXl23p0P53PeWnHKmWO0AOfrF3TCmA0=</latexit><latexit sha1_base64="Y5tWKhlY+lRFvM/QOSwDqUqc+c8=">AAACAXicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPBiyepYFshCWWznbRLd7NhdyOUkJO/wauevYlXf4lH /4nbNgfb+mDg8d4MM/OilDNtXPfbqaytb2xuVbdrO7t7+wf1w6Oulpmi0KGSS/UYEQ2cJdAxzHB4TBUQEXHoReObqd97AqWZTB7MJIVQkGHCYkaJsZIfRCIPwJCiP+7XG27TnQGvEq8kDVSi3a//BANJMwGJoZxo7XtuasKcKMMoh6IWZBpSQsdkCL6lCRGgw3x2coHPrDLAsVS2EoNn6t+JnAitJyKynYKYkV72puJ/np+Z+DrMWZJmBhI6XxRnHBuJp//j AVNADZ9YQqhi9lZMR0QRamxKC1siUdhMvOUEVkn3oum5Te/+stG6K9OpohN0is6Rh65QC92iNuogiiR6Qa/ozXl23p0P53PeWnHKmWO0AOfrF3TCmA0=</latexit><latexit sha1_base64="Y5tWKhlY+lRFvM/QOSwDqUqc+c8=">AAACAXicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPBiyepYFshCWWznbRLd7NhdyOUkJO/wauevYlXf4lH /4nbNgfb+mDg8d4MM/OilDNtXPfbqaytb2xuVbdrO7t7+wf1w6Oulpmi0KGSS/UYEQ2cJdAxzHB4TBUQEXHoReObqd97AqWZTB7MJIVQkGHCYkaJsZIfRCIPwJCiP+7XG27TnQGvEq8kDVSi3a//BANJMwGJoZxo7XtuasKcKMMoh6IWZBpSQsdkCL6lCRGgw3x2coHPrDLAsVS2EoNn6t+JnAitJyKynYKYkV72puJ/np+Z+DrMWZJmBhI6XxRnHBuJp//j AVNADZ9YQqhi9lZMR0QRamxKC1siUdhMvOUEVkn3oum5Te/+stG6K9OpohN0is6Rh65QC92iNuogiiR6Qa/ozXl23p0P53PeWnHKmWO0AOfrF3TCmA0=</latexit><latexit sha1_base64="Y5tWKhlY+lRFvM/QOSwDqUqc+c8=">AAACAXicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPBiyepYFshCWWznbRLd7NhdyOUkJO/wauevYlXf4lH /4nbNgfb+mDg8d4MM/OilDNtXPfbqaytb2xuVbdrO7t7+wf1w6Oulpmi0KGSS/UYEQ2cJdAxzHB4TBUQEXHoReObqd97AqWZTB7MJIVQkGHCYkaJsZIfRCIPwJCiP+7XG27TnQGvEq8kDVSi3a//BANJMwGJoZxo7XtuasKcKMMoh6IWZBpSQsdkCL6lCRGgw3x2coHPrDLAsVS2EoNn6t+JnAitJyKynYKYkV72puJ/np+Z+DrMWZJmBhI6XxRnHBuJp//j AVNADZ9YQqhi9lZMR0QRamxKC1siUdhMvOUEVkn3oum5Te/+stG6K9OpohN0is6Rh65QC92iNuogiiR6Qa/ozXl23p0P53PeWnHKmWO0AOfrF3TCmA0=</latexit>
 k
<latexit sha1_base64="QK2TIaox1KNhbpCCXPU9P8pSjHY=">AAACAnicbVA9SwNBFNyLXzF+RS1tFoNgFe5E0DJgYyURTCLkjrC7eZcs2d07dveEcKTzN9hqbSe2/hFL /4mb5AqTOPBgmHmPeQxNBTfW97+90tr6xuZWebuys7u3f1A9PGqbJNMMWiwRiX6kxIDgClqWWwGPqQYiqYAOHd1M/c4TaMMT9WDHKUSSDBSPOSPWSWFIZR5SsGTSG/WqNb/uz4BXSVCQGirQ7FV/wn7CMgnKMkGM6QZ+aqOcaMuZgEklzAykhI3IALqOKiLBRPns5wk+c0ofx4l2oyyeqX8vciKNGUvqNiWxQ7PsTcX/vG5m4+so5yrNLCg2D4ozgW2CpwXg PtfArBg7Qpjm7lfMhkQTZl1NCylUTlwnwXIDq6R9UQ/8enB/WWvcFe2U0Qk6RecoQFeogW5RE7UQQyl6Qa/ozXv23r0P73O+WvKKm2O0AO/rFzhsmHk=</latexit><latexit sha1_base64="QK2TIaox1KNhbpCCXPU9P8pSjHY=">AAACAnicbVA9SwNBFNyLXzF+RS1tFoNgFe5E0DJgYyURTCLkjrC7eZcs2d07dveEcKTzN9hqbSe2/hFL /4mb5AqTOPBgmHmPeQxNBTfW97+90tr6xuZWebuys7u3f1A9PGqbJNMMWiwRiX6kxIDgClqWWwGPqQYiqYAOHd1M/c4TaMMT9WDHKUSSDBSPOSPWSWFIZR5SsGTSG/WqNb/uz4BXSVCQGirQ7FV/wn7CMgnKMkGM6QZ+aqOcaMuZgEklzAykhI3IALqOKiLBRPns5wk+c0ofx4l2oyyeqX8vciKNGUvqNiWxQ7PsTcX/vG5m4+so5yrNLCg2D4ozgW2CpwXg PtfArBg7Qpjm7lfMhkQTZl1NCylUTlwnwXIDq6R9UQ/8enB/WWvcFe2U0Qk6RecoQFeogW5RE7UQQyl6Qa/ozXv23r0P73O+WvKKm2O0AO/rFzhsmHk=</latexit><latexit sha1_base64="QK2TIaox1KNhbpCCXPU9P8pSjHY=">AAACAnicbVA9SwNBFNyLXzF+RS1tFoNgFe5E0DJgYyURTCLkjrC7eZcs2d07dveEcKTzN9hqbSe2/hFL /4mb5AqTOPBgmHmPeQxNBTfW97+90tr6xuZWebuys7u3f1A9PGqbJNMMWiwRiX6kxIDgClqWWwGPqQYiqYAOHd1M/c4TaMMT9WDHKUSSDBSPOSPWSWFIZR5SsGTSG/WqNb/uz4BXSVCQGirQ7FV/wn7CMgnKMkGM6QZ+aqOcaMuZgEklzAykhI3IALqOKiLBRPns5wk+c0ofx4l2oyyeqX8vciKNGUvqNiWxQ7PsTcX/vG5m4+so5yrNLCg2D4ozgW2CpwXg PtfArBg7Qpjm7lfMhkQTZl1NCylUTlwnwXIDq6R9UQ/8enB/WWvcFe2U0Qk6RecoQFeogW5RE7UQQyl6Qa/ozXv23r0P73O+WvKKm2O0AO/rFzhsmHk=</latexit><latexit sha1_base64="QK2TIaox1KNhbpCCXPU9P8pSjHY=">AAACAnicbVA9SwNBFNyLXzF+RS1tFoNgFe5E0DJgYyURTCLkjrC7eZcs2d07dveEcKTzN9hqbSe2/hFL /4mb5AqTOPBgmHmPeQxNBTfW97+90tr6xuZWebuys7u3f1A9PGqbJNMMWiwRiX6kxIDgClqWWwGPqQYiqYAOHd1M/c4TaMMT9WDHKUSSDBSPOSPWSWFIZR5SsGTSG/WqNb/uz4BXSVCQGirQ7FV/wn7CMgnKMkGM6QZ+aqOcaMuZgEklzAykhI3IALqOKiLBRPns5wk+c0ofx4l2oyyeqX8vciKNGUvqNiWxQ7PsTcX/vG5m4+so5yrNLCg2D4ozgW2CpwXg PtfArBg7Qpjm7lfMhkQTZl1NCylUTlwnwXIDq6R9UQ/8enB/WWvcFe2U0Qk6RecoQFeogW5RE7UQQyl6Qa/ozXv23r0P73O+WvKKm2O0AO/rFzhsmHk=</latexit>
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Figure 1. The proposed Deep Survival Machines pipeline. The input features, x are passed through a deep multilayer perceptron followed
by a softmax over K. The Conditional Distribution of P(T |X = x) is then described as a mixture of K, PRIMITIVE distributions, drawn
from some prior.
tions is to have support only in the space of positive reals.
Another property of interest is to have a closed form solu-
tion for the CDF, this would enable the use of gradient based
optimization for Maximum Likelihood Estimation.
Table 1. Distributional choices for the PRIMITIVE distributions.
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For DSM we experiment with two distributions that sat-
isfy this property, the Weibull and the Log-Normal distribu-
tion. The Weibull has closed form PDF and CDF. For the
Log-Normal, we compute the CDF by using the standard
approximation of the complementary error function erfc
in PyTorch. The full functional forms of the distributions
are listed in Table 1. We parameterize the βk and ηk as
βk = β˜k + act(Φθ(xi)
>ζ),
ηk = η˜k + act(Φθ(xi)
>ξ)
Here the act(·) is the SELU and Tanh activation functions
for the Weibull and Log-Normal respectively, and Φ(.) is a
Multilayer Perceptron.
xi are the input covariates. {θ, ξ, ζ, β and η} are all pa-
rameters that are learnt during training. Another set of
parameters that are learnt are w that determine the mixture
weights for each data point. The following Section 3.2 in-
troduces the proposed model in plate notation (Fig. 2 ) and
the corresponding generative story.
3.3. The Generative Story
K
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Figure 2. Deep Survival Machines in Plate Notation
1. xi ∼ D
We draw the covariates of the individual, xi
2. w, ζ, ξ ∼ N (0, 1/λ)
The parameters of the model are drawn from a
zero mean Gaussian distribution.
3. zi ∼ Discrete
(
softmax(Φθ(xi)>w)
)
Conditioned on the covariates, xi and the pa-
rameters, w we draw the latent zi
4. log β˜k ∼ N (β0, 1/λ)
log η˜k ∼ N (η0, 1/λ)
The set of parameters {β˜k}Kk=1 and {η˜k}Kk=1
are drawn from the prior β0 and η0.
5.
ti ∼ PRIMITIVE
(
βk, ηk)
where, βk = β˜k + act(Φθ(xi)>ζ)
ηk = η˜k + act(Φθ(xi)
>ξ)
Finally, the event time ti is drawn conditioned
on βzi and ηzi .
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3.4. Parameter Estimation
In order to accommodate for heterogeneity arising in the
data, we propose to model the Survival distribution of each
individual as a fixed size mixture of Survival distribution
primitives. At test time, the survival function corresponding
to this held out individual is described as a weighted mixture
of the survival distribution primitives. Here the weights are
a Softmax the output of a Deep Neural Network. At training
time, the parameters of the Deep Neural Network and the
Survival Distribution primitives are learnt jointly.
Uncensored Loss. We consider the maximum likelihood
estimator for the uncensored data which can be written as
lnP(DU |Θ) = ln
( |D|∏
i=1
P(T = ti|X = xi,Θ)
)
=
|D|∑
i=1
ln
( K∑
k=1
P(T = ti|Z, βk, ηk)P(Z|X = xi,w)
)
=
|D|∑
i=1
ln
(
E
Z∼(·|xi,w)
[P(T = ti|Z, βk, ηk)]
)
(Applying Jensen’s Inequality)
≥
|D|∑
i=1
(
E
Z∼(·|xi,w)
[lnP(T = ti|Z, βk, ηk)]
)
, ELBOU (Θ)
Censoring Loss. Proceeding as above, we can write the
lower bound of the censored observations as
lnP(DC |Θ) = ln
( |D|∏
i=1
P(T > ti|X = xi,Θ)
)
≥
|D|∑
i=1
(
E
Z∼(·|xi,w)
[lnP(T > ti|Z, βk, ηk)]
)
, ELBOC(Θ)
Mitigating Long Tail Bias. Survival distributions with
positive support typically have long tails which adds to
the bias when performing Maximum Likelihood Estima-
tion. Note that for the censored instances of data we
are maximizing the probability P(T > t). One reason-
able way of adjusting for this bias is to instead maximize
P(tmax > T > t) = P(T > t) − P(T > tmax) where
tmax is some arbitrarily large value that can be tuned as a
hyper-parameter. However, for simplicity we choose to di-
rectly discount the censoring loss by multiplying it with a
discounting factor α ∈ [0, 1], which has a similar effect of
diminishing bias arising from long tails.
Prior Loss. We include the strength of the prior on the βk,
ηk as
Lprior = ln
( K∏
k=1
P(βk, ηk|β, η)
)
=
K∑
k=1
lnP(βk|β) + lnP(ηk|η)
= λ
K∑
k=1
||βk − β||22 + ||ηk − η||22
Combined Loss. We finally combine the individual losses
described above as
Lcombined = ELBOU (Θ) + α · ELBOC(Θ) + Lprior
Here, α is a scalar hyperparameter that trades off the con-
tribution of Regression Loss vis--vis the Evidence Lower
Bound of the uncensored observations to the combined ob-
jective function. For a complete formulation of the loss
function, in terms of functions and parameters please refer
to Appendix A.
3.5. Handling Multiple Competing Risks
We adapt Deep Survival Machines to scenarios involving
multiple competing risks by allowing learning of a common
representation for the multiple competing risks by passing
through a single MLP (Φ(.) in Fig.1). This representation
then interacts with a separate set of {ξ, ζ,α} in order to
describe the event distribution for each competing risk. Max-
imum Likelihood Estimation is performed by treating the
occurrence of a competing event before the other event as
a form of independent censoring. This strategy allows the
model to leverage knowledge from the two competing tasks
by allowing parameter sharing through a single intermediate
representation.
4. Experiments
We evaluate Deep Survival Machines (DSM) on their ability
to measure relative risks for a single event of interest in the
presence of censoring, and then we further consider ablation
experiments where we artificially increase the amount of
censoring to demonstrate the robustness of this approach.
Finally, we demonstrate DSM’ ability to learn representa-
tions of the covariates for transferring knowledge across two
events in the competing risks scenario with censoring.
4.1. Datasets
Single Event/Single Risk. We evaluated performance on
the following real-world medical datasets with single events:
Study to Understand Prognoses Preferences Outcomes
and Risks of Treatment (SUPPORT) (Knaus et al., 1995),
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Table 2. Descriptive statistics of the datasets used in the experiments.
Dataset Type Dataset Dim. Feature Dim. No. Events No. Censoring
SUPPORT Single Risk 9,105 30 6,201 (68.1 %) 2,904 (31.9 %)
METABRIC Single Risk 1,904 9 1,103 (57.9 %) 801 (42.1 %)
SYNTHETIC Competing Risks 30,000 12 Event 1Event 2
7,600 (25.3%)
7,400 (24.7%) 15,000 (50.0 %)
SEER Competing Risks 65,481 21 BCCVD
13,564 (20.7%)
4,245 (6.5%) 47,672 (72.8 %)
and Molecular Taxonomy of Breast Cancer International
Consortium (METABRIC) (Curtis et al., 2012). A brief
introduction of each dataset is provided below.
SUPPORT: The SUPPORT was a study conducted to de-
scribe a prognostic model to estimate survival over a 180-
day period for 9,105 seriously ill hospitalized patients. Of
the 9,105 patients, 6,201 patients (68.1%) were followed
to death, with a median survival time of 58 days. We used
30 patient covariates, including age, gender, race, educa-
tion, income, physiological measurements, co-morbidity
information etc. Missing values of certain physiological
measurements were imputed using the suggested normal
values1 and other missing values were imputed using the
mean value for numerical features and the mode for categor-
ical features.
METABRIC: The METABRIC was a study conducted to
determine new breast cancer subgroups and facilitate treat-
ment improvement using patients’ gene expressions and
clinical variables. The dataset consists of 1,904 patients
and 9 features. 1,103 patients (57.9%) were followed to
death with a median survival time of 115.9 months. The
dataset used was preprocessed as in Katzman et al. (2018)
and downloaded from the PySurvival library2.
Competing Risks. We also evaluated the performances on
two datasets with competing risks: a synthetic dataset and
the Surveillance, Epidemiology, and End Results (SEER)
dataset.
SYNTHETIC: In order to demonstrate the effectiveness
of DSM as a representation learning framework, we exper-
iment with synthetic data that is generated following the
spirit of Alaa & van der Schaar (2017) & Lee et al. (2018)
1 http://biostat.mc.vanderbilt.edu/wiki/
Main/SupportDesc
2https://square.github.io/pysurvival/
using the same generative process as they described.
x
(i)
1 ,x
(i)
2 ,x
(i)
3 ∼ N (0, I)
T
(i)
1 ∼ exp
(
(γ>3 x
(i)
3 )
2 + γ>1 x
(i)
1
)
T
(i)
2 ∼ exp
(
(γ>3 x
(i)
3 )
2 + γ>2 x
(i)
2
)
Here x(i) = (x(i)1 ,x
(i)
2 ,x
(i)
3 ) is a tuple representing the
covariates of the individual i. The Event times T1 and T2
are exponentially distributed around functions that are both
linear and quadratic in X . We generate 30,000 patients
from the distribution out of which 50% are subjected to
random right censoring by uniformly sampling the censoring
times in the interval [0,min{T1, T2}]. Clearly, the choice
of our distributions for the event times are not independent,
and would allow a model to leverage knowledge of one
event to better predict the other, which is what we intend to
demonstrate.
SEER: The SEER3 dataset provides information on cancer
statistics among the U.S. population. We focused on the
breast cancer patients in the registries of Alaska, San Jose-
Monterey, Los Angeles and Rural Georgia during the years
from 1992 to 2007, with the follow-up period restricted to
10 years. Among the 65,481 patients, 13,564 (20.7%) died
due to breast cancer (BC) and 4,245 (6.5%) died due to
cardiovascular disease (CVD), which were treated as the
two competing risks in our experiments. We used 21 patient
covariates, including age, race, gender, diagnostic confir-
mation, morphology information (primary site, laterality,
histologic type, etc.), tumor information (size, type, number
etc.), and surgery information. Missing values were imputed
using the mean value for numerical features and the mode
for categorical features.
4.2. Baselines
We compare the performance of DSM to the following com-
peting baseline approaches:
3https://seer.cancer.gov/
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Cox Proportional Hazards (CPH): This is the standard
semi-parametric Cox Proportional Hazards model, making
the assumption of constant baseline hazard. The features
interact with the learnt set of weights in a log-linear fashion
in order to determine the hazard for a held out individual.
Random Survival Forests (RSF): This is a popular non-
parametric approach involving learning an ensemble of trees,
adapted to censored survival data (Ishwaran et al., 2008).
DeepSurv (DS): Proposed by (Katzman et al., 2018), Deep-
Surv involves learning a non-linear function that describes
the relative hazard of a test instance. It makes the similar
assumption of constant baseline hazard as CPH.
DeepHit (DH) (Lee et al., 2018): This approach involves
learning the joint distribution of all event times by jointly
modelling all competing risks and discretizing the output
space of event times.
Fine-Gray (FG) (Fine & Gray, 1999): This is a classic
approach used for modelling competing risks that focuses
on the Cumulative Incidence function by extending the pro-
portional hazards model to sub-distributions.
For the SYNTHETIC and SEER datasets with competing
risks, we compare performance of DSM to cause-specific
(cs-) versions of CPH and RSF that involve learning separate
survival regressions for each competing event by treating
the other event as censored.
4.3. Performance Metrics
We evaluate DSM by assessing the ordering of pairwise
relative risks using Concordance-Index (C-Index) (Harrell,
1982). To demonstrate the superiority of our approach
over the methods subject to Coxian assumption, we show
the comparison of performances using the time-dependent
Concordance-Index Ctd (Antolini et al., 2005).
Ctd(t) = P
(
Fˆ (t|xi) > Fˆ (t|xj)|δi = 1, Ti < Tj , Ti ≤ t
)
Here, Fˆ (t|X) is the estimated CDF by the model at the trun-
cation time t, given features X . The probability is estimated
by comparing relative risks pairwise. In order to obtain an
unbiased estimate for the quantity, we adjust the estimate
with an inverse propensity of censoring estimate (Gerds
et al., 2013), as is common practice in survival analysis
literature.
Ctd by different evaluation time horizons enable us to mea-
sure how good the models are at capturing the possible
changes in risk over time, thus alleviating the restrictive
assumption C-Index makes of constant proportional hazards.
For completeness, we report the Ctd at different truncation
event horizon quantiles of 25%, 50%, 75%.
4.4. Experimental Setup
Hyperparameters: For all the experiments described sub-
sequently we train DSM with the Adam optimizer (Kingma
& Ba, 2014) with a learning rates of {1× 10−3, 1× 10−4}.
The number of experts, K for each event is tuned between
{4, 6, 8} and the discounting factor α is tuned between
{1/2, 3/4, 1}. The prior strength λ is set as 1 × 10−8 for
all the experiments and not tuned. We report the Ctd for
the best performing set of parameters over the grid in cross
validation for both DSM and the baselines. The representa-
tion learning function Φ(.) is a fully connected Multi-Layer
Perceptron with 1 or 2 Hidden Layers with the number of
nodes {50, 100} and ReLU6 activations. The choice of
Log-Normal or Weibull outcome is further tuned as a hyper
parameter. All experiments were conducted in PyTorch
(Paszke et al., 2019).
Evaluation Protocol: All the reported errors around Ctd
are 90% CI via 5-fold cross validation.4 For a full details of
hyperparameter choices for the baselines please refer to the
Appendix C.
4.5. Single Event Survival Regression
Parameter inference for DSM involves the exploitation of a
closed form of the CDF, which makes DSM amenable to
gradient based optimization. Naturally one would expect
that a greater amount of censoring will reduce the available
information to be modelled, thus adding bias and leading to
poorer estimates of the survival function.
In this section we will empirically investigate DSM’s robust-
ness to censoring and compare it to the relevant baselines
by artificially censoring the event times. We uniformly sam-
ple a censoring time between [0, T ) for a randomly chosen
subset of the uncensored training data. This is only applied
to the uncensored instances of the training splits with the
same experimental protocol as used in the previous Section
4.4. (By not censoring the test splits we are able to better
estimate the Ctd). We perform this artificial censoring on
the single event METABRIC and SUPPORT datasets and
reduce the uncensored training data to 50% and 25% of its
original amount.
Figure 3 summarizes the performance of DSM on the SUP-
PORT dataset in 5-fold cross validation. Notice that RSF
is comparable to DSM in the 25% quantile of event time
horizons across all levels of censoring, however DSM sig-
nificantly outperforms RSF on the longer event quantiles.
Similarly we observed that although DeepSurv was com-
petitive in longer event horizons, DSM significantly outper-
formed DeepSurv in the shorter horizons, demonstrating
superiority.
4Except for METABRIC we perform 10-fold cross validation
to get tighter confidence bounds.
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Figure 3. Ctd for SUPPORT Dataset at different Quantiles of Event times for different levels of Censoring.
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Figure 4. Ctd for METABRIC Dataset at different Quantiles of Event times for different levels of Censoring.
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Figure 5. Ctd for competing risks on SYNTHETIC
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Figure 6. Ctd for competing risks on SEER
For METABRIC, we observed that DSM outperformed the
Deep Learning baselines significantly. Although RSF was
competitive, DSM outperformed RSF on average in 10-fold
cross validation. For both METABRIC and SUPPORT, the
actual performance numbers and CIs are in Appx. B.
4.6. Competing Risks Scenario
For the SYNTHETIC dataset, we observe in Fig. 5 that DSM
is competitive with DeepHit and outperforms all the other
baselines in the 25%, 50%, 75% quantiles of event horizons.
For comparison, we also report the performance at 100%
quantile and observe that DSM is significantly superior to
DeepHit for both events, thus confirming its robustness to
events at longer horizons.
From Fig. 6, on the SEER dataset we observe that for the ma-
jority risk, Breast Cancer, DSM significantly outperformed
all the other baselines. The results for CVD were less con-
clusive with DeepHit being competitive at the 25% quantile.
We owe this to the class imbalance between the two risks.
Note that for visual clarity we do not report Fine-Gray and
cs-RSF since their performance was poor. We defer the
actual numbers and confidence intervals to the Appx. B.
5. Representation Learning and Knowledge
Transfer
In this section we conduct a set of experiments to evaluate
the performance of Deep Survival Machines (DSM) as a
representation learning framework in the competing risks
scenario. We compare DSMs ability to transfer knowledge
across multiple competing risks to other Deep Learning
based approaches.
We divide the SYNTHETIC data into two equal subsets of
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Table 3. Knowledge transfer across tasks and representation learn-
ing capability on the SYNTHETIC dataset. Representations were
trained on Event 1 and used to predict relative risks for a held-out
set on Event 2 using a Cox Proportional Hazards (CPH) Model.
Model C-Index (90%-CI)
NNMF 0.5940± 0.0044
VAE 0.6494± 0.0044
K-PCA 0.7422± 0.0055
DeepSurv 0.6988± 0.0038
DeepHit 0.7688± 0.0040
DSM 0.7724 ± 0.0025
15,000 samples each. For the first set we discard all rows
that had Event 2 before Event 1. For the second set, we
perform similar preprocessing and discard all rows where
Event 1 occurred before Event 2. This effectively treats the
two subsets into single event censored datasets for Event
1 and Event 2 respectively. We train DSM, DeepSurv and
Deep Hit on the first half of the dataset for the prediction
of Event 1. The learnt model is then used to extract rep-
resentations for the second subset. The output of the final
layer is exploited as an overcomplete representation of the
original set of covariates of the individual observation. For
both models, we tune the models with one and two layer
hidden layers, with the dimensionality of the hidden layers
being {25, 50, 100}.
For completeness, we also experiment with Kernel-PCA
(K-PCA) (Scho¨lkopf et al., 1997), Non-Negative Matrix
factorization (NNMF) (Lee & Seung, 2001) and modern
Variational Auto Encoders (VAE) to learn latent represen-
tations. Note that as compared to DeepSurv and DSM,
K-PCA, NNMF and VAE are intrinsic methods that do not
have access to the label of the original risk (Event 1) at train-
ing time and hence are somewhat limited in their expressive
capability.
Once the representations are extracted for the second sub-
set of the data, a linear Cox Proportional Hazards (CPH)
Model is trained on them for the competing risk (Event 2).
Table 3 presents the result of concordance of the learnt CPH
model on the extracted embeddings. DSM outperforms the
competing baselines.
6. Model Complexity and Scalability
We stress again that the advantage of Deep Survival Ma-
chines (DSM) is not only in terms of predictive performance,
but also in computational and inference complexity. Since
DSM involves making reasonable parametric assumptions,
inference requires us to learn lesser number of parameters
as compared to the competing baselines. In this section,
we compare the training time and the model complexity in
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Figure 7. Training time of Deep Survival Machines in comparison
to the Baselines. Parameter Inference with DSM is faster than
other deep learning approaches, and scales better with dataset size.
DSM CPH DS DH
101
102
103
104
105
N
o.
 o
f P
ar
am
s 
(L
og
 S
ca
le
)
METABRIC
DSM CPH DS DH
101
102
103
104
105
106
N
o.
 o
f P
ar
am
s 
(L
og
 S
ca
le
)
SUPPORT
Figure 8. Number of learnable parameters in best DSM architec-
ture in comparison to the Baselines. DSM requires inference over
a smaller set of parameters as compared to other approaches.
terms of number of parameters of DSM vis--vis the other es-
tablished Deep Learning baselines, DeepHit and DeepSurv
as well as the linear Cox Proportional Hazards Regression
CPH.
From Figures 7 and 8, the advantage of DSM in runtime and
space complexity is abundantly clear. Note that while RSF
is faster in training on METABRIC, it scales poorly with in-
creasing amount of data as evidenced by slower runtime on
the larger SUPPORT dataset. Specifications of the machine
used to benchmark performance are in Appendix D
7. Conclusion and Future Work
We proposed Deep Survival Machines, a novel fully-
parametric approach to estimate time-to-event in the pres-
ence of censoring and competing risks. Our approach mod-
els the survival function as a weighted mixture of individual
parametric survival distributions, and is trained over a loss
function designed to handle both the censored and uncen-
sored data. We demonstrated the benefits of our approach
by comparing its performance to other classical and state-of-
the-art survival regression approaches on multiple diverse
datasets, and show that the representations learnt by the
deep neural networks in our approach can be leveraged for
the knowledge transfer across different competing risks.
Future directions include extending our approach to multiple
censoring scenarios: in this paper we assumed that the data
is right-censored, but our framework is readily amenable to
left truncation and interval censoring. Additional research
directions include further relaxing parametric assumptions
on the survival distributions.
Deep Survival Machines
Acknowledgements
We thank the anonymous reviewers for taking the time to
review this manuscript.
References
Alaa, A. M. and van der Schaar, M. Deep multi-task gaus-
sian processes for survival analysis with competing risks.
In Proceedings of the 31st International Conference on
Neural Information Processing Systems, pp. 2326–2334.
Curran Associates Inc., 2017.
Antolini, L., Boracchi, P., and Biganzoli, E. A time-
dependent discrimination index for survival data. Statis-
tics in Medicine, 24(24):3927–3944, 2005.
Chapfuwa, P., Tao, C., Li, C., Page, C., Goldstein, B., Carin,
L., and Henao, R. Adversarial time-to-event modeling.
arXiv preprint arXiv:1804.03184, 2018.
Chen, G. H. Nearest neighbor and kernel survival analysis:
Nonasymptotic error bounds and strong consistency rates.
arXiv preprint arXiv:1905.05285, 2019.
Cox, D. R. Regression models and life-tables. Journal of
the Royal Statistical Society: Series B (Methodological),
34(2):187–202, 1972.
Curtis, C., Shah, S. P., Chin, S.-F., Turashvili, G., Rueda,
O. M., Dunning, M. J., Speed, D., Lynch, A. G., Sama-
rajiwa, S., and Yuan, Y. e. a. The genomic and tran-
scriptomic architecture of 2,000 breast tumours reveals
novel subgroups. Nature, 486(7403):346–352, 2012. doi:
10.1038/nature10983.
Faraggi, D. and Simon, R. A neural network model for
survival data. Statistics in medicine, 14(1):73–82, 1995.
Fine, J. P. and Gray, R. J. A proportional hazards model for
the subdistribution of a competing risk. Journal of the
American statistical association, 94(446):496–509, 1999.
Gerds, T. A., Kattan, M. W., Schumacher, M., and Yu, C. Es-
timating a time-dependent concordance index for survival
prediction models with covariate dependent censoring.
Statistics in Medicine, 32(13):2173–2184, 2013.
Harrell, F. E. Evaluating the yield of medical tests.
JAMA: The Journal of the American Medical Associ-
ation, 247(18):2543, 1982. doi: 10.1001/jama.1982.
03320430047030.
Ishwaran, H., Kogalur, U. B., Blackstone, E. H., Lauer,
M. S., et al. Random survival forests. The annals of
applied statistics, 2(3):841–860, 2008.
Kaplan, E. L. and Meier, P. Nonparametric estimation from
incomplete observations. Journal of the American statis-
tical association, 53(282):457–481, 1958.
Katzman, J. L., Shaham, U., Cloninger, A., Bates, J., Jiang,
T., and Kluger, Y. Deepsurv: personalized treatment rec-
ommender system using a cox proportional hazards deep
neural network. BMC medical research methodology, 18
(1):24, 2018.
Kingma, D. P. and Ba, J. Adam: A method for stochastic
optimization. arXiv preprint arXiv:1412.6980, 2014.
Knaus, W. A., Harrell, F. E., Lynn, J., Goldman, L., Phillips,
R. S., Connors, A. F., Dawson, N. V., Fulkerson, W. J.,
Califf, R. M., Desbiens, N., et al. The support prognostic
model: objective estimates of survival for seriously ill
hospitalized adults. Annals of internal medicine, 122(3):
191–203, 1995.
Lee, C., Zame, W. R., Yoon, J., and van der Schaar, M.
Deephit: A deep learning approach to survival analysis
with competing risks. In Thirty-Second AAAI Conference
on Artificial Intelligence, 2018.
Lee, C., Yoon, J., and Van Der Schaar, M. Dynamic-deephit:
A deep learning approach for dynamic survival analysis
with competing risks based on longitudinal data. IEEE
Transactions on Biomedical Engineering, 2019a.
Lee, C., Zame, W., Alaa, A., and Schaar, M. Temporal
quilting for survival analysis. In The 22nd International
Conference on Artificial Intelligence and Statistics, pp.
596–605, 2019b.
Lee, D. D. and Seung, H. S. Algorithms for non-negative
matrix factorization. In Advances in neural information
processing systems, pp. 556–562, 2001.
Li, Y., Wang, J., Ye, J., and Reddy, C. K. A multi-task
learning formulation for survival analysis. In Proceedings
of the 22nd ACM SIGKDD International Conference on
Knowledge Discovery and Data Mining, pp. 1715–1724.
ACM, 2016.
Mirza, M. and Osindero, S. Conditional generative adver-
sarial nets. arXiv preprint arXiv:1411.1784, 2014.
Mobadersany, P., Yousefi, S., Amgad, M., Gutman, D. A.,
Barnholtz-Sloan, J. S., Vega, J. E. V., Brat, D. J., and
Cooper, L. A. Predicting cancer outcomes from histology
and genomics using convolutional networks. Proceedings
of the National Academy of Sciences, 115(13):E2970–
E2979, 2018.
Nagpal, C., Sangave, R., Chahar, A., Shah, P., Dubrawski,
A., and Raj, B. Nonlinear semi-parametric models for
survival analysis. arXiv preprint arXiv:1905.05865, 2019.
Deep Survival Machines
Nezhad, M. Z., Sadati, N., Yang, K., and Zhu, D. A deep
active survival analysis approach for precision treatment
recommendations: Application of prostate cancer. Expert
Systems with Applications, 115:16–26, 2019.
Paszke, A., Gross, S., Massa, F., Lerer, A., Bradbury, J.,
Chanan, G., Killeen, T., Lin, Z., Gimelshein, N., Antiga,
L., et al. Pytorch: An imperative style, high-performance
deep learning library. In Advances in Neural Information
Processing Systems, pp. 8024–8035, 2019.
Ranganath, R., Perotte, A., Elhadad, N., and Blei, D.
Deep survival analysis. Proceedings of the 1st Machine
Learning for Healthcare Conference, PMLR, 56:101–114,
2016.
Rosen, O. and Tanner, M. Mixtures of proportional hazards
regression models. Statistics in Medicine, 18(9):1119–
1131, 1999.
Scho¨lkopf, B., Smola, A., and Mu¨ller, K.-R. Kernel princi-
pal component analysis. In International conference on
artificial neural networks, pp. 583–588. Springer, 1997.
Vinzamuri, B. and Reddy, C. K. Cox regression with corre-
lation based regularization for electronic health records.
In 2013 IEEE 13th International Conference on Data
Mining, pp. 757–766. IEEE, 2013.
Vinzamuri, B., Li, Y., and Reddy, C. K. Active learning
based survival regression for censored data. In Proceed-
ings of the 23rd ACM International Conference on Con-
ference on Information and Knowledge Management, pp.
241–250. ACM, 2014.
Xiang, A., Lapuerta, P., Ryutov, A., Buckley, J., and Azen,
S. Comparison of the performance of neural network
methods and cox regression for censored survival data.
Computational statistics & data analysis, 34(2):243–257,
2000.
Supplementary Materials
Deep Survival Machines: Fully Parametric Survival Regression and
Representation Learning for Censored Data with Competing Risks
A. Loss Function Formulation
At test time, Deep Survival Machines (DSM) describes the
survival function of the test individual as a weighted mixture
of K survival distribution primitives, and the K weights
are a softmax over the output of a Deep Neural Network.
The loss function of DSM is designed to handle both the
censored and uncensored data.
Uncensored Loss. The maximum likelihood estimator for
the uncensored data can be written as
lnP(DU |Θ) = ln
( |D|∏
i=1
P(T = ti|X = xi,Θ)
)
=
|D|∑
i=1
ln
( K∑
k=1
P(T = ti|Z, βk, ηk)P(Z|X = xi,w)
)
=
|D|∑
i=1
ln
(
E
Z∼(·|xi,w)
[P(T = ti|Z, βk, ηk)]
)
(Applying Jensen’s Inequality)
≥
|D|∑
i=1
(
E
Z∼(·|xi,w)
[lnP(T = ti|Z, βk, ηk)]
)
=
|D|∑
i=1
(
SOFTMAX(K)
(
ln f(ti|βki , ηki)
))
, ELBOU (Θ)
Here xi are the input covariates of the i-th observation,
and f(t) is the probability density function (PDF) of the
primitive distribution. βki and ηki for the i-th observation
are parameterized as
βki = β˜k + act(Φθ(xi)
>ζ),
ηki = η˜k + act(Φθ(xi)
>ξ)
where act(·) is the SELU activation function if Weibull is
used as the primitive distribution and the Tanh activation
function if Log-Normal is used as the primitive distribution.
Φ(.) is a Multilayer Perceptron.
Censoring Loss. As above, the lower bound of the censored
observations can be written as
lnP(DC |Θ) = ln
( |D|∏
i=1
P(T > ti|X = xi,Θ)
)
≥
|D|∑
i=1
(
E
Z∼(·|xi,w)
[lnP(T > ti|Z, βk, ηk)]
)
=
|D|∑
i=1
(
SOFTMAX(K)
(
lnS(ti|βki , ηki)
))
, ELBOC(Θ)
S(t) is the survival function of the primitive distribution.
For the scenario of M competing risks, ELBOUm(Θ) and
ELBOCm(Θ) are computed for the m-th competing risk
by treating other events as censoring. The total loss can be
written as
L =
M∑
m=1
ELBOUm(Θ) + α · ELBOCm(Θ) + Lpriorn
B. Results in Tabular Format
In this section, we provide the comparison of the perfor-
mances of Deep Survival Machines (DSM) with the baseline
approaches using Ctd at different event time horizons. The
Ctd was evaluated at the 25%, 50%, 75% quantiles of event
times. The mean and the 90% confidence interval of the
Ctd were computed using 5-fold cross validation.
The results of two single-risk datasets, SUPPORT and
METABRIC, are respectively shown in Table 4 and Table 5.
To investigate the models’ robustness to censoring, we also
artificially increased the amount of censoring in training
set by censoring a randomly chosen subset which included
25% or 50% of the originally uncensored observations in
the training data, on both SUPPORT and METABRIC. The
results of added censoring are also shown.
The results of two datasets with competing risks, SYN-
THETIC and SEER, are shown respectively in Table 6 and
Table 7. cs-CPH and cs-RSF stand for the cause-specific
versions of CPH and RSF models.
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Table 4. Ctd for SUPPORT dataset at different quantiles of event
times for different levels of censoring.
(a) Default Censoring.
Models Quantiles of Event Times
25% 50% 75%
CPH 0.794± 0.004 0.756± 0.005 0.733± 0.004
DeepSurv 0.804± 0.007 0.767± 0.005 0.746± 0.005
DeepHit 0.822± 0.003 0.778± 0.002 0.701± 0.009
RSF 0.830± 0.005 0.779± 0.004 0.729± 0.007
DSM 0.832± 0.003 0.788± 0.004 0.750± 0.005
(b) 25%+ Censoring.
Models Quantiles of Event Times
25% 50% 75%
CPH 0.796± 0.006 0.754± 0.004 0.727± 0.006
DeepSurv 0.800± 0.006 0.762± 0.005 0.738± 0.005
DeepHit 0.813± 0.005 0.770± 0.004 0.711± 0.010
RSF 0.830± 0.007 0.774± 0.002 0.723± 0.008
DSM 0.831± 0.004 0.783± 0.004 0.742± 0.006
(c) 50%+ Censoring.
Models Quantiles of Event Times
25% 50% 75%
CPH 0.793± 0.006 0.750± 0.004 0.721± 0.007
DeepSurv 0.795± 0.006 0.756± 0.005 0.731± 0.006
DeepHit 0.814± 0.004 0.771± 0.006 0.709± 0.007
RSF 0.827± 0.004 0.770± 0.004 0.716± 0.008
DSM 0.828± 0.004 0.778± 0.006 0.735± 0.006
C. Hyperparameter Tuning for the Baselines
We compared the performance of Deep Survival Machines
(DSM) to several competing baseline approaches. In this
section, we provide details of the hyperparameter tuning
for each baseline approach. The hyperparameters tuned
for Random Survival Forests (RSF) (Ishwaran et al., 2008)
and DeepHit (Lee et al., 2018) are described as below, and
the best set of hyperparameters was chosen based on the
time-dependent Concordance-Index Ctd (Antolini et al.,
2005) on the validation set. For Cox Proportional Hazards
(CPH) model (Cox, 1972), we used the default settings in the
python PySurvival library. 5 For DeepSurv (Katzman
et al., 2018), We directly used the hyperparameters provided
in the DeepSurv GitHub repository.6 For Fine-Gray (FG)
model (Fine & Gray, 1999), we used the default settings in
5https://square.github.io/pysurvival/
6https://github.com/jaredleekatzman/
DeepSurv/tree/master/experiments/deepsurv
Table 5. Ctd for METABRIC dataset at different quantiles of
event times for different levels of censoring.
(a) Default Censoring.
Models Quantiles of Event Times
25% 50% 75%
CPH 0.620± 0.024 0.620± 0.020 0.629± 0.012
DeepSurv 0.634± 0.005 0.635± 0.003 0.637± 0.003
DeepHit 0.691± 0.020 0.626± 0.013 0.585± 0.008
RSF 0.713± 0.028 0.673± 0.017 0.644± 0.017
DSM 0.720± 0.019 0.676± 0.015 0.652± 0.015
(b) 25%+ Censoring.
Models Quantiles of Event Times
25% 50% 75%
CPH 0.607± 0.026 0.616± 0.020 0.628± 0.011
DeepSurv 0.619± 0.029 0.627± 0.022 0.633± 0.012
DeepHit 0.688± 0.024 0.618± 0.018 0.593± 0.003
RSF 0.710± 0.026 0.668± 0.016 0.642± 0.016
DSM 0.712± 0.017 0.671± 0.017 0.645± 0.016
(c) 50%+ Censoring.
Models Quantiles of Event Times
25% 50% 75%
CPH 0.603± 0.021 0.613± 0.015 0.630± 0.009
DeepSurv 0.617± 0.027 0.612± 0.021 0.622± 0.011
DeepHit 0.666± 0.024 0.601± 0.014 0.583± 0.007
RSF 0.700± 0.024 0.662± 0.014 0.635± 0.014
DSM 0.708± 0.015 0.664± 0.016 0.638± 0.016
the R cmprsk package. 7
Random Survival Forests (RSF): The number of trees in
the forest was selected from [10, 20, 50, 100] and the maxi-
mum depth of the trees was set to 4.
DeepHit (DH): We followed the experiment settings pro-
vided in the DeepHit GitHub repository.8 The number of
layers in the shared sub-network and in each cause-specific
(CS) sub-network was selected from [1, 2, 3, 5]; the number
of nodes in each layer was selected from [50, 100, 200, 300];
the activation function was selected from [RELU, ELU,
Tanh]; and the coefficients αk for trading off the rank-
ing losses of the k competing risks were chosen from
[0.1, 0.5, 1.0, 3.0, 5.0]. We generated 10 settings by ran-
domly sampling each hyperparameter from the given lists
of candidates 10 times, and selected the best set of hy-
7https://cran.r-project.org/web/packages/
cmprsk/cmprsk.pdf
8https://github.com/chl8856/DeepHit/
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Table 6. Ctd for competing risks on SYNTHETIC.
(a) Event 1.
Models Quantiles of Event Times
25% 50% 75% 100%
cs-CPH 0.570± 0.016 0.553± 0.012 0.542± 0.009 0.528± 0.009
FG 0.611± 0.001 0.588± 0.003 0.569± 0.003 0.551± 0.004
cs-RSF 0.680± 0.011 0.663± 0.009 0.644± 0.007 0.569± 0.005
DeepHit 0.796± 0.010 0.765± 0.007 0.726± 0.006 0.635± 0.009
DSM 0.798± 0.010 0.759± 0.008 0.724± 0.004 0.670± 0.005
(b) Event 2.
Models Quantiles of Event Times
25% 50% 75% 100%
cs-CPH 0.591± 0.024 0.563± 0.018 0.548± 0.015 0.533± 0.013
FG 0.634± 0.010 0.596± 0.010 0.577± 0.008 0.553± 0.004
cs-RSF 0.687± 0.007 0.663± 0.011 0.638± 0.010 0.571± 0.011
DeepHit 0.803± 0.004 0.761± 0.006 0.726± 0.004 0.618± 0.017
DSM 0.803± 0.011 0.762± 0.009 0.729± 0.006 0.672± 0.006
Table 7. Ctd for competing risks on SEER.
(a) Breast Cancer (BC).
Models Quantiles of Event Times
25% 50% 75% 100%
cs-CPH 0.891± 0.004 0.849± 0.004 0.827± 0.004 0.807± 0.003
FG 0.876± 0.003 0.840± 0.003 0.817± 0.003 0.673± 0.015
cs-RSF 0.897± 0.002 0.852± 0.005 0.823± 0.004 0.801± 0.003
DeepHit 0.899± 0.001 0.863± 0.003 0.838± 0.004 0.815± 0.003
DSM 0.904± 0.001 0.861± 0.003 0.840± 0.004 0.820± 0.003
(b) Cardiovascular Disease (CVD).
Models Quantiles of Event Times
25% 50% 75% 100%
cs-CPH 0.897± 0.007 0.890± 0.006 0.891± 0.002 0.889± 0.002
FG 0.842± 0.010 0.844± 0.007 0.854± 0.005 0.884± 0.035
cs-RSF 0.845± 0.006 0.832± 0.008 0.823± 0.008 0.816± 0.009
DeepHit 0.902± 0.004 0.893± 0.004 0.893± 0.001 0.889± 0.001
DSM 0.894± 0.004 0.893± 0.004 0.893± 0.001 0.890± 0.001
perparameters which had the highest validation Ctd. The
hyperparameters for each dataset are shown in Table 8.
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Table 8. The hyperparameters of DeepHit for each dataset.
Dataset Type Shared Sub-network CS Sub-network Activation αNo. Layers No. Nodes No. Layers No. Nodes
SUPPORT Single Risk 3 100 3 300 eLU 0.1
METABRIC Single Risk 3 100 1 100 Tanh 5.0
SYNTHETIC Competing Risks 3 300 2 50 eLU 0.1
SEER Competing Risks 1 100 2 50 eLU 0.5
D. Benchmarking Machine Specifications
All experiments except the experiments for DeepHit were
run on a Linux version 3.10.0-1062.9.1.el7.x86 64 machine
with an Intel(R) Core(TM) i7-3770 CPU @ 3.40GHz (8-
core CPU) and RAM 32 GB. The experiments for DeepHit
were run on a TITAN X (Pascal) GPU cluster (1 GPU) with
an Intel(R) Xeon(R) CPU E5-2620 v4 @ 2.10GHz (32-core
CPU), NVIDIA driver version 418.74 and CUDA 10.1.
